
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=ttra21

Transportmetrica A: Transport Science

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/ttra21

A maximum entropy optimization model for
origin-destination trip matrix estimation with
fuzzy entropic parameters

Héctor López-Ospina, Cristián E. Cortés, Juan Pérez, Romario Peña, Juan
Carlos Figueroa-García & Jorge Urrutia-Mosquera

To cite this article: Héctor López-Ospina, Cristián E. Cortés, Juan Pérez, Romario Peña, Juan
Carlos Figueroa-García & Jorge Urrutia-Mosquera (2021): A maximum entropy optimization model
for origin-destination trip matrix estimation with fuzzy entropic parameters, Transportmetrica A:
Transport Science, DOI: 10.1080/23249935.2021.1913257

To link to this article:  https://doi.org/10.1080/23249935.2021.1913257

Published online: 03 May 2021.

Submit your article to this journal 

Article views: 47

View related articles 

View Crossmark data

https://www.tandfonline.com/action/journalInformation?journalCode=ttra21
https://www.tandfonline.com/loi/ttra21
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/23249935.2021.1913257
https://doi.org/10.1080/23249935.2021.1913257
https://www.tandfonline.com/action/authorSubmission?journalCode=ttra21&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=ttra21&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/23249935.2021.1913257
https://www.tandfonline.com/doi/mlt/10.1080/23249935.2021.1913257
http://crossmark.crossref.org/dialog/?doi=10.1080/23249935.2021.1913257&domain=pdf&date_stamp=2021-05-03
http://crossmark.crossref.org/dialog/?doi=10.1080/23249935.2021.1913257&domain=pdf&date_stamp=2021-05-03


TRANSPORTMETRICA A: TRANSPORT SCIENCE
https://doi.org/10.1080/23249935.2021.1913257

Amaximum entropy optimization model for
origin-destination trip matrix estimation with fuzzy entropic
parameters

Héctor López-Ospina a, Cristián E. Cortés b, Juan Pérez c, Romario Peñaa, Juan
Carlos Figueroa-Garcíad and Jorge Urrutia-Mosquerae

aUniversidad del Norte, Barranquilla, Colombia; bCivil Engineering Department, Universidad de Chile,
Instituto Sistemas Complejos de Ingeniería (ISCI), Santiago, Chile; cUniversidad de Los Andes, Chile;
dUniversidad Distrital Francisco José de Caldas, Bogotá, Colombia; eFacultad de Ingeniería, Universidad del
Desarrollo, Santiago, Chile

ABSTRACT
We formulate a bi-objective distribution model for urban trips con-
strained by origins and destinations while maximizing entropy. We
develop a flexible and consistent approach in which the estimations
of generated/attracted parameters are fuzzy with entropic mem-
bership functions. Based on a fuzzy-entropy approach, we measure
the uncertainty associated with fuzzy variables. We solve the prob-
lem bymeans of compromise programming considering a weighted
sum objective function. We compute and extend concepts such as
accessibility, attractiveness, and generalized cost, typically obtained
in transport economic analyzes. Considering that our formulation
is convex, we solve the problem in one step only, maintaining the
uniqueness of the the optimization problem solution. We present
two numerical examples to illustrate the proposed methodology,
analyzing the impact of the results based on strong mathematical
and statistical arguments. Finally, we show that our approach has
better prediction capabilities than traditional fuzzymodels regarding
aggregated indicators and structural distribution patterns.
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1. Introduction

In the context of transportation planning, the four-stage modeling approach, which uti-
lizes information regarding infrastructure provisions and public transport services as well
as socioeconomic data from the population, is a well-known methodology used for the
evaluation of hypothetical scenarios at a strategic level (Feng, Zhang, and Fujiwara 2009;
Ortuzar and Willumsen 2011). Normally, the urban system is split into a tiling system of
zones matched with different networks for each available mode; the sub-models are thus
defined as static representations of the assignment of trips during one or several periods
(for example, a whole day or peak hours). The four-stage model follows a sequential struc-
ture, even though in some cases, the formulation represents a simultaneous execution of
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the model’s stages (ESTRAUS 1989; Siegel et al. 2006). Overall, the four-stage modeling
approach has the following structure: first, the total number of trips that began and ended
in each zone are estimated separately. Next, in the second stage, the distribution of the trips
is computed (origin-destination (OD) matrix). Then, in the third stage, the trips distributed
in a pair of zones are assigned to the available modes serving that pair. Finally, the trips are
split into different transport modes or combinations and are assigned to routes or strate-
gies to fill up the networks representing the utilization of infrastructure by cars and public
transport vehicles (Park et al. 2019).

Currently, aspects other than the traditional indicators associated with traffic conges-
tion, such as sustainability, accessibility provision, peoplemobility, big data, anddynamism,
should be considered when planning a proper and modern urban transport system (Fred-
erix, Viti, and Tampère 2013; Pourebrahim et al. 2019). Although these new aspects could
require different modeling paradigms, most strategic decisions regarding transport infras-
tructure and public transport system provisions in the world are made based on static
four-stage models such as the one described above.

In most applications, the number of trips generated from and attracted to a zone
(namely, oi and dj for zones i and j, respectively) are estimated through either multiple
linear regression or growth factor models. Such estimations are based on the charac-
teristics of households and residents in each zone (habitants per household, household
structure, average income, number of cars, etc.) Additionally, they are based on land use
features (industrial activities, commerce, educational institutions, regulation plans, and so
on). Under the above modeling structure, obtaining the oi and dj parameters has an asso-
ciated level of uncertainty inherent to both the estimation models and the functional form
chosen to represent certain phenomenawithin themodels. As discussed above, the vectors
of generation and attraction (namely, o and d) from stage 1 are the required inputs for the
trip distribution stage, where an OD matrix is constructed to account for the total number
of trips performed at each OD pair over a modeling period.

Thus, for each pair of zones, i and j, the model output are the trips predicted to occur
between zones i and j over the modeling period (tij). The distribution can be computed
with different levels of aggregation or information (Ortuzar and Willumsen 2011; López-
Ospina 2013; Thomas and Tutert 2013; Delgado and Bonnel 2016; Lim and Kim 2016; Chen,
Liu, and Zhou 2019; Li et al. 2019; Shen 2019). The typical models used to compute this
matrix are based on the maximization of entropy, which is a measure of the uncertainty
in an urban system; the maximization problem is dependent on balancing the constraints
associated with the level of information provided by vectors oi and dj, the generalized cost
and the time constraints. These constraints can be analyzed at aggregate or disaggregate
levels depending on the available information from the urban system and according to the
modeling approachproposed (Cascetta, Pagliara, andPapola 2007). The idea ofmaximizing
theentropy is to search for themost probabledistributionof a variable at an aggregate level
built from options obtained frommore disaggregated levels.

When the vagueness or ambiguity of the origin oi and destination dj parameters is not
considered, the base model with trip entropy maximizes trip dispersion and aims to maxi-
mize the information contained in the resultingmatrix. A fuzzy characterizationof theorigin
and destination parameters in the base problem is, in fact, an alternative method for con-
sidering the ambiguity and vagueness of these parameters; these considerations become
relevant in cases where methodological differences in the design of surveys for estimating
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OD patterns are observed, together with the existence of possible errors in data collection,
omissions in data recording, and the impossibility of measuring the complete time lapses,
amongother aspects. Overall, thismethod recognizes that these parameters are not known
with certainty. The base model without fuzzy OD parameters cannot handle this issue and
assumes that parameters are known and deterministic.

It is evident from the previous arguments that vectors oi and dj are computed through
models that deal with many sources of uncertainty. In addition, calibrating parameters for
generation and attraction models has always been a difficult task due to the diversity of
information from different sources that has to be collected for this purpose.

1.1. Contributions and outline of the paper

Given that ODmatrix estimation is still a research challenge, since ODmatrices are not fully
observable (Hu et al. 2020; Ros-Roca, Montero, and Barceló 2021) and as a result of the
arguments presented above, it is necessary to search for a modeling approach to properly
handle sources of uncertainty in the context of solving stage 2 of the four-stage model to
obtain a reliable distribution matrix. We address these uncertainty sources by defining oi
and dj as input variables of a fuzzy set framework and allowing oi and dj to have varying
membership degrees. This is different from classical sets in which the element member-
ships are assigned values of one. The objective of considering oi and dj as fuzzy parameters
is that their membership functions are well defined in predefined ranges of uncertainty,
and more importantly, we can use entropic membership functions to link this approach
with the distribution problem to be optimized. It can be shown that under this model-
ing structure, the distribution stage is equivalent to solving a fuzzy optimization problem
through a bi-objective formulation without losing relevant mathematical conditions such
as the concavity of the objective function in the solution process.

In this paper, we develop amathematical formulation for a doubly constrained transport
distributionmodel based on themaximization of entropy, assuming that the parameters oi,
dj and c (total system costs) are fuzzy parameters with entropic membership functions. As
mentioned before, this allows flexibility in the model as well as in obtaining the theoretical
and practical results. We take advantage of entropicmembership functions, which is equiv-
alent to transforming an entropic function to obtain the distribution of a Bernoulli random
variable, in order to solve theproblem inone stageunlike the classicalmodels for fuzzy opti-
mization. The use of fuzzy parameters allows the modeler to realize that he(she) does not
knowwith certainty theODparameters, and the further considerationof fuzzy entropy rein-
forces the information gain in this process; these membership functions could be applied
to measure the subjective value of information under the condition of uncertainty related
to the parameter of interest, which follows the concepts from fuzzy entropy theory (Aggar-
wal 2021). With our approach, the trips’ matrix estimation is more robust, and the decision
process behind the design of transportation systems becomes more illustrated. Moreover,
the functional form of the entropic function can be understood as an approximation of the
confidence interval associated with predictions. These arguments support our decision to
model uncertainty through fuzzy sets.

Following the previous arguments and theoretical reasons for using entropic member-
ship functions in the maximization of entropy for the doubly constrained trip distribution
model, we identify the four major contributions of this research:
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• The theoretical aspects of our modeling contributions are associated with the informa-
tion gain when a fuzzy entropy approach is used; in fact, to the best of our knowledge,
this aspect is not present in the literature, and in our opinion, this is a relevant issue to
consider in the design process of transportation systems. Note, we are able to address
the aspects behind the estimation of OD matrices with our approach. We are able to
maximize the information gain, including randomness, vagueness, and ambiguity of
the information on oi and dj parameters, in the determination of the trips. Consider-
ing only the entropy maximization on trips allows us to maximize the information gain
but does not allow us to address the nature of the OD parameters. These values are
typically calculated with estimation methods (Ortuzar, 2011) that use data gathered
from transportation systems, which usually contain errors, consider different measured
times and reflect situations where the total trips generated and attracted do not match
(
∑

i oi �=
∑

j dj). The base model cannot handle these issues. The output does not allow
us to reflect them in the trip matrix, and it is not robust in capturing the uncertainty in
the aforementioned parameters, which could result in incorrect or ineffective decisions
for transportation system designs.

The use of fuzzy parameters oi and dj allows us to realize that the modeler does not
know with certainty the OD parameters, and the further consideration of fuzzy entropy
reinforces the information gain in this process. With our approach, the trips’ matrix esti-
mation is more robust, and the decision process behind the design of transportation
systems becomes more illustrated.

• The proposed formulation exclusively contains equality constraints. This allows us to
directly extend thewell-knowngravitational algorithmas the coreof our tripdistribution
model. In the case of trapezoidal and triangular specifications for the fuzzy parameters,
the inequality constraints that appear when formulating the complementary slack-
ness conditions make the extension of the gravitational algorithm quite difficult. We
also highlight the fact that for the implementation of the gravitational algorithm, we
combine fixed-point methods with root computations (proven convergence), which
provides good support when nonlinear optimization software is not available. It also
provides good support when the objective is to solve real-sized problems; in which
case, the resulting nonlinear optimization problems could become unsolvable for most
commercial packages.

• Unlike models that apply trapezoidal and triangular specifications, in this proposed
model, we find analytical expressions for the balance factors, which contribute to the
evaluation of projects by computing accessibility and attractiveness measures, which
are very useful for performing planning and policy studies. By following this same line of
reasoning, we are able to properly compute the dual variables in urban transportation
problems; this allows us to conduct many sensitivity analyzes, which are omitted in the
previous fuzzy entropic specifications.

• With respect to the numerical experiments, we show that statistically our model per-
forms as good as previous trapezoidal specificationmodels on the fuzzy parameters but
with better flexibility in terms of potential sensitivity analyzes of different types as well
as in terms of algorithmic potentialities when solving real-size problems. Moreover, we
have developed amethodology to compare the adjustment of our model to other fuzzy
specification models, namely, trapezoidal and triangular specification models, in terms
of predicted structural changes in thedistributionpatterns embedded in each estimated
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matrix. To conduct this comparison, we performed a χ2 test between trapezoidal and
entropic specifications with respect to the CRISP model, which shows that the entropic
functions (for the different parameters considered in the bi-objective specification) have
better prediction capabilities than the traditional fuzzymodels when capturing changes
associatedwith the structural patterns in adistribution; this analysis, inspiredby thework
of Black (2018) allows for a much better statistical analysis of the model than focusing
only on aggregated indicators. In a particular example, trapezium, triangle and CRISP
generated exactly the same OD matrix, although variability in oi and dj were observed.
That is, suchmodels were not able to capture such variability to generate different solu-
tions along the Pareto frontier. In contrast, with ourmodel, wewere able to find different
matrices to capture the dispersion and dynamics behind such parameters in a better
way.

In the next section, we perform a comprehensive literature review covering several
aspects of the research, from transport planningmodels to the application of fuzzy logic in
similar contexts. Next, in Section 3,we justify andpresent themodel and solution algorithm.
Then, in Section 4,we showanumerical applicationof themodel and finalize thepaperwith
conclusions and further research insights.

2. Literature review

For the sake of clarity, we have decided to split this section into two subsections. The former
briefly discusses the most traditional trip distribution models with the concept of entropy,
and the latter subsection relates fuzzy optimization and entropy. This covers all the relevant
aspects that contribute to our work.

2.1. Trip distribution and entropymodels

The first approximations to distribution models were the growth models, where an expan-
sion factor previously set for a specific period and population is applied. Later, distribution
models were developed on aggregate and dissagregate data. Examples of dissagregate
models are intervening opportunities models, where trip making is not explicitly related
to distance but to the relative accessibility of opportunities for satisfying the objective of
the trip (Ortuzar andWillumsen 2011). They are based on the initial work by Stouffer (1940),
although Schneider (1959) presented the theory utilized at present.

In the case of considering dissagregate models, data are obtained directly from indi-
vidual users, unlike aggregate models, where data come from geographical divisions
supported by a transportation network (de Grange, Fernández, and de Cea 2010).

The classical model by Hitchcock (1941) provides an aggregate distribution, in which for
certain goods, produced in several factories, are moved to their destinations at minimum
cost. The resulting model is a linear programing formulation with constraints associated
with constant costs. In the past, obtaining individual data to calibrate dissagregate models
hasbeenadifficult task; therefore,many authors havebased their developments onmodels
similar to the classical Hitchock formulation. Among the most important contributions, we
highlight Wilson (2011), who proposed the concept of maximization of entropy to provide
a theoretical foundation for the approximation of the gravitational model. The entropy is
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used as ameasure of the dispersion of trips between origins and destinations (Samanta and
Roy 2005).

Aiming to add microeconomic bases to the entropy model, Cochrane (1975) devised a
sub-model of trip generation that incorporates a type of accessibilitymeasurement. On the
other hand, some authors have defended the convenience of nonlinear regression models
of Poisson type, given their adaptability to different distribution scenarios (Flowerdew and
Aitkin 1982; Winkelmann and Zimmermann 1995).

Following the concepts presented by Wilson, different studies have been developed
regarding entropy maximization models. One of the outstanding studies was carried out
by Fang and Tsao (1995), who presented a dual approach of unrestricted convex program-
ing to provide a solution to the problem of entropy maximization for travel distribution,
focusing on models with quadratic costs. In the same way, de Grange, Fernández, and
de Cea (2010) analyzed and compared various spatially aggregated trip distribution mod-
els within a common theoretical framework for formulating and solving multiple target
optimization problems, including quadratic costs associated with congestion phenomena.

An interesting study that captures the variability of parameters in entropy models is
the one developed by Tsekeris and Stathopoulos (2006); they formulate a double dynamic
model (DDGM) that takes into account the evolution of trip demand between periods and
within a period (short term or within a day).

In da Silva and de Almeida (2013) a mathematical model is proposed to estimate the OD
matrix integrating entropy models with multiple objective optimization techniques (goal
programing) to ensure a balance between originated and attracted trips, thus avoiding the
use of balance factors to adjust these parameters.

In Section 3.1, some recent applications of the maximum entropy model on trip estima-
tion will be presented.

2.2. Fuzzy logic and entropymodels

The estimation of parameters formodeling is quite complicatedwithin the context of trans-
port and urban systems due to the large number of factors influencing the parameters. In
many cases, it is not possible to obtain sufficiently accurate and relevant data (Samanta and
Roy 2005). To overcome these inaccuracies, fuzzy logic has been included as part of classi-
calmodeling. For example, Zimmermann (1978), andBit, Biswal, andAlam (1992) presented
a solution process to the multiobjective transport problem under uncertain environments
modeledwith fuzzy parameters. In Chanas and Kuchta (1996) they defined, programed and
solved the distribution problem including fuzzy coefficients for costs. In Kalic and Teodor-
ovic (1997) they improved the previous results with amixed solution combining fuzzy logic
and programing of a genetic algorithm.

In Samanta and Roy (2005), the authors analyze the problem of trip distribution with
an objective function of entropy maximization based on Shannon’s measurement. This
measure acts as a trip dispersal factor between origins and destinations. In addition, they
proposed making the supply and demand constraints more flexible through fuzzy opti-
mization using trapezoidal numbers. The solution to this problem was obtained through
parametric optimization.

In Ojha et al. (2009) they consider the solid multi-objective transport problem, STP, in
which inaccuracies in cost units and in-route travel time are modeled as fuzzy variables.
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Additionally, the availabilities in the supplier, the demands of the clients and the capacities
of each mode are modeled as fuzzy variables, having as objective to compare the perfor-
mance of the model that includes maximization of the entropy opposite to the one that
does not include it. A year later, the same authors present an extension of this problem
by including discounts on transport costs (Ojha et al. 2010). They considered discounts on
all units and incremental discounts according to the quantity of purchase. To solve this
new version of the STP, given the complexity associated, a genetic algorithm of the type
‘roulette-wheel selection’ was used.

Later, the STPwas also usedby Baidya, Bera, andMaiti (2014) under an entropy approach
oriented at intervals, including budget constraints and product fragility. The interval theory
applied to thismodel allows researchers to capture the uncertainty associated, for example,
with the cost of transportation. The modeling of the problem has as objectives the reduc-
tion of the total cost and the increase of the profit, however, the authors achieve a solution
as a mono-objective problem by applying a weighted summethod.

3. Fundamentals of themodeling approach

This section exposes the basic concepts of the entropy maximization problem for the
trip distribution problem and defines the entropic membership function in detail. These
concepts are required to develop the model proposed in this article.

3.1. Entropymaximizationmodel

In this section, we present the entropy maximization formulation for the distribution
stage following the traditional Wilson (1970) approach (Williams 2019). This model and its
extensions are still being studied (in theoretical advances and applications). Among the
most relevant recent work we mention the following: modeling with GPS data (You and
Ritchie 2019), dynamic OD estimation using smart card data (Ait-Ali and Eliasson 2019),
modeling to identify the source of foodborne disease outbreaks (Schlaich et al. 2020),
modeling with mobile phone data (Demissie, Phithakkitnukoon, and Kattan 2018; Cac-
eres, Romero, and Benitez 2020), modeling evacuation trip distributions during typhoons
dynamically (Hu and Ho 2016), estimating OD matrices under travel demand constraints
(Sun et al. 2019), modeling interregional transportation (Velichko 2016), modeling taxi
trip distributions (Tang et al. 2018), input-output analysis (Hewings and Fernandez-
Vazquez 2019), modeling highway traffic flows (Hu et al. 2020), etc.

Consider a set of m origins i = {1, 2, 3, . . . ,m} and n destinations j = {1, 2, 3, . . . , n},
where oi is the number of outgoing trips from i, and dj is the number of incoming trips to
j. The doubly constrained entropy maximization model (in origins and destinations) (León,
Figueroa-García, and López-Ospina 2016) for the distribution model is:

max
tij

z = −
∑
i=1

∑
j=1

tij ln tij (1)

s.t. ∑
j=1

tij = oi, ∀ i ∈ m, (τi) (2)
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∑
i=1

tij = dj, ∀ j ∈ n, (γj) (3)

∑
i=1

∑
j=1

cijtij = c. (β) (4)

The function to be maximized represents the uncertainty degree associated with the func-
tion of the urban system. That is, the objective function reflects the behavior of the entropy,
whichmust bemaximized to find themost likely state. The constraints on the total number
of generated and attracted trips are the typical constraints (same as Equations (2) and (3)).
The parameters oi and dj are usually estimated through amultiple lineal regression or other
models used in thegeneration/attraction stageof a transportationplanningmodel. cij is the
generalized cost of anODpair i−j and c is the total cost.Most applications consider the gen-
eralized travel cost of anODpair i−j (cij) as a linear function of the specific attributes (access
time, fare, travel time, etc.) of the trip. Every attribute is weightedwith an importance value,
which is basically a subjective weight, assigned by the agent who performs the trip. τi and
γj are Lagrange multipliers for the origin and destination constraints, respectively. β is the
Lagrange multiplier for the total cost constraint.

The classical solution of this problem is given by

tij = exp (τi + γj + βcij) (5)

A notation change yields:

tij = ai ∗ oi ∗ bj ∗ dj ∗ exp (βcij) (6)

where exp (τi) = ai ∗ oi and exp (γj) = bj ∗ dj. In addition to this

ai = 1∑
k bkdke

cikβ
(7)

bj = 1∑
k akoke

ckjβ
(8)

Parameters ai, bj ∈ R are known as balance factors associatedwith the number of trips gen-
erated by zone i, namely, (oi), and the number of trips with destinations in zone j, where β

is the sensitivity parameter for the generalized cost of travel (β < 0). ai can be interpreted
as a measure of the potential of accessibility to zone i, while bj can be seen as an attrac-
tion factor in zone j (Caschili, De Montis, and Trogu 2015). As noted by Martínez (1995) and
Martínez and Araya (2000), the concept of potential accessibility is related to the aggregate
benefits of potential trips in the whole urban area.

In particular, measures of accessibility and attractiveness for each zone i (acci and attj)
have economic interpretations as monetary units per trip (seeMartínez 1995; Martínez and
Araya 2000).

acci = − 1
β
ln ai (9)

atti = − 1
β
ln bj (10)

Therefore, amodeler can use balancing factors from the estimated spatial interaction travel
model to calculate the access measures. The information embedded in these measures of
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benefits is based on the interactions associated with individual trips. These measures rep-
resent the expected benefits associated with themost likely distribution of trips for a given
set of oi’s and dj’s.

Finally, Equations (7) and (8), which represent balance factors (ai, bj), define a fixed-point
system of equations, where the iteration process starting with any initial values converges
to the solution (see Algorithm 1 described below).

Algorithm 1: Entropy maximization
1: procedure MAXIMIZATION(Entropy)
2: β ← β0

3: ε ← ε � This is a tolerance value
4: �β ← β0

5: oi, ∀i � Calculated before
6: dj, ∀j � Calculated before
7: cij, C � Calculated before
8: WHILE�β ≥ ε DO:
9: Calculate ati and btj using Equations (7) and (8). (A system of fixed-point equations)

ati =
1∑

k b
t
kdke

cikβt−1

btj =
1∑

k a
t
koke

ckjβt−1

10: Calculate βt using Equations (4) and (6). (A root-finding algorithm) That is, solve:∑
i=1

∑
j=1

cija
t
i b

t
j oidje

cijβt − c = 0

11: βt = βt−1
12: �β ← |βt − βt−1|
13: ENDWHILE
14: ai ← ati
15: bj ← btj
16: β ← βt

17:

tij = aibjoidje
cijβ

18: return tij; ai; bj;β

3.2. Fuzzy versions of the entropymaximization problem

We describe the fuzzy versions of the entropy maximization problem in order to com-
pare them with our model. We focus on the mathematical formulation and the parametric
optimization methodologies used to solve the above problems.
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In the transport entropymaximization problem, we consider the total cost and the orig-
ination and destination parameters to be fuzzy. We use the trapezoidal form of a fuzzy
parameter because it can also handle fuzzy parameters in the form of a triangle or CRISP.

Definition3.1: A fuzzy set, namely,A, is characterized by amembership functionμA : X →
[0, 1] defined over a universe of discourses x ∈ X . Thus, fuzzy set A is the set of ordered pairs
x ∈ X and its membership degree, μA(x), i.e.

A = {(x,μA(x)) | x ∈ X} (11)

Definition 3.2: Trapezoidal fuzzy number (TrFN): The TrFN can be represented by a
quadruplet x = (x, x1, x2, x), and its membership function has the following form:

μx(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x − x

x1 − x
, for x ∈ [x, x1)

1, for x ∈ [x1, x2]
x − x

x − x2
, for x ∈ (x2, x]

0, for x /∈ x

(12)

where x ≤ x1 ≤ x2 ≤ x.
With the trapezoidal representation, one can formparameters as real numbers, triangles,

or intervals. Let us note that:

• If x1 = x2, then we have a triangular fuzzy parameter (Kurtulmuşoğlu, Pakdil, and
Atalay 2016).

• If x = x1 and x2 = x, then we have a CRISP number in an interval.
• If x = x1 = x2 = x then x is a real number.

Following the ideas of Samanta and Roy (2005), we show the fuzzy version of the
entropy maximization problem with trapezoidal parameters oi = (oi,oi1,oi2, oi), dj =
(dj,dj1,dj2, dj) and c = (C,C1,C2,C).

max
tij

z = −
∑
i=1

∑
j=1

tij ln tij (13)

s.t. ∑
j=1

tij = (oi,oi1,oi2, oi), ∀ i ∈ m (14)

∑
i=1

tij = (dj,dj1,dj2, dj), ∀ j ∈ n (15)

∑
i=1

∑
j=1

cijtij = (C,C1,C2, C̄) (16)
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The model defined by Equations (13)–(16) is equivalent to the following bi-objective
problem (Equations (17)–(23)).

max
tij ,λ

⎛
⎝−∑

i=1

∑
j=1

tij ln tij, λ

⎞
⎠ (17)

s.t. ∑
j=1

tij ≤ λoi2 + (1− λ)oi, ∀ i ∈ m (18)

∑
j=1

tij ≥ λoi1 + (1− λ)oi, ∀ i ∈ m (19)

∑
i=1

tij ≤ λdj2 + (1− λ)dj, ∀ j ∈ n (20)

∑
i=1

tij ≥ λdj1 + (1− λ)dj, ∀ j ∈ n (21)

∑
i=1

∑
j=1

cijtij ≤ λC2 + (1− λ)C̄ (22)

∑
i=1

∑
j=1

cijtij ≥ λC1 + (1− λ)C

tij ≥ 0, ∀ i, j, λ ∈ [0, 1] (23)

In Equations (17)–(23), the two objectives are tomaximize the entropy and λ, where λ is the
minimummembership level of the origin, destination and cost constraints. Compared to a
non-fuzzy model of entropy maximization, the number of constraints doubles. In addition,
to thebest of our knowledge, there are no accessiblemathematical expressions for calculat-
ing the system, and there is nomethod extending the gravitational version of the non-fuzzy
(classic) entropy maximization problem; this could be due to the inherent difficulties in
interpreting the complementary slackness conditions for the constraints.

In particular, to solve this problem, we consider the model defined by Equa-
tions (24)–(31), in which there is a lower bound for λ, which represents the minimum
membership E. According to the ε-constraint method, for different values of E ∈ [0, 1], we
solve this bi-objective model. Note that the trip entropy function and λ are both concave
functions. In addition, the optimization problemonly contains linear constraints. These two
reasons guarantee that the ε-constraint method allows us to obtain the Pareto frontier
of the previous bi-objective optimization problem (Pereyra, Saunders, and Castillo 2013;
Bonnel and Collonge 2015).

max
tij ,λ

−
∑
i=1

∑
j=1

tij ln tij (24)

s.t.

λ ≥ E (25)∑
j=1

tij ≤ λoi2 + (1− λ)oi, ∀ i ∈ m (26)
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∑
j=1

tij ≥ λoi1 + (1− λ)oi, ∀ i ∈ m (27)

∑
i=1

tij ≤ λdj2 + (1− λ)dj, ∀ j ∈ n (28)

∑
i=1

tij ≥ λdj1 + (1− λ)dj, ∀ j ∈ n (29)

∑
i=1

∑
j=1

cijtij ≤ λC2 + (1− λ)C̄ (30)

∑
i=1

∑
j=1

cijtij ≥ λC1 + (1− λ)C

tij ≥ 0, ∀ i, j λ ∈ [0, 1] (31)

One of the shortcomings of the previous models is that no analyzes have been performed
on the accessibility measures or marginal effects, such as the marginal utility of travel
costs. Furthermore, no extensions of the gravitational algorithm have been proposed or
discussed.

3.3. Entropicmembership function

In this section, we define the entropic membership function based on the concept of
entropy associated with a fuzzy set. The connection between fuzzy set theory and the
entropy concept is in the computations of the fuzzy information measurements.

Entropy can be understood as a degree of randomness and has been used to measure
the fuzziness in a fuzzy system or set. Fuzzy entropy deals with vagueness and ambiguous
uncertainties, while traditional entropy formulations address probabilistic uncertainties.
Measures of ‘fuzziness’ can be interpreted as measures of the amount of fuzzy information
(Bellman and Zadeh 1970). The fuzzy entropy value of the set A is as follows:

HA = −k
n∑
i=1

(μi log(μi)+ (1− μi) log(1− μi)) (32)

where μi is a membership function and k ∈ R is constant.
Analogous to the entropy value of a Bernoulli distribution, which is defined over the

interval [0, 1], it is possible to define a membership function for the entropy values of a
variable X enclosed in its closure/support x, as follows.

Definition 3.3: Let x = {x ∈ R : x � x � x} = [x, x] be an interval set over the reals; then,
the log-natural function fx of x is defined as follows:

fx(x) =
{
−q ln(q)− p ln(p), for x ∈ x

0, for x /∈ x
(33)
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Figure 1. Membership functionμx(x).

where

q = x̄ − x

x̄ − x
(34)

p = x − x

x̄ − x
(35)

p+ q = 1 (36)

Roughly speaking, fx is not a normalized function. To normalize it, we define the entropic
fuzzy set as the normalized log-natural function of the interval x, as follows:

Definition 3.4: Let fx be the log-natural function of x. The entropic fuzzy set, namely, μx

of x, is as follows:

μx(x) = fx(x)

maxx∈x fx(x)
. (37)

As mentioned above, here, we can visualize that the fuzzy entropic membership func-
tion could be applied to measure the subjective value of information under a condition of
uncertainty related to the parameter of interest.

A graphical display of μx and fx(x) with x = 1 and x = 5 is shown in Figure 1.

4. Problem statement andmodel formulation

The objective of the present work is to incorporate the effects of the uncertainty inherent
in the generation and attraction of trips at each zone within a studied urban area in the
distribution through the concepts of fuzzy logic and optimization by means of entropic
membership functions (see Equation (37)). Such functions allow us to resolve the resulting
fuzzy problem through a bi-objective formulation without losing important mathematical
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conditions, such as the concavity andderivability of the objective function, in the process of
searching for a solution. Unlike the trapezoidalmodel, the constraints are of equality, which
allow us to obtain closed expressions for the measures of accessibility and attractiveness,
tij and the balance factors.

A fundamental assumption of the proposed model in this article is that oi and dj are
modeled as fuzzy parameters, in which the membership functions are defined positively
over intervals of the form oi = [oi; oi] and dj = [dj; dj]. The extreme values for the interval
ranges have to be provided, either by the expertize of the modeler or from an analysis of
the uncertainty in the computation of the parameters during the process of the generation
and attraction of trips, for example, through multiple regression models.

The next step is to assume that the membership function is entropic, as stated in
Equation (37). More precisely, we use an entropy function transformation to obtain the
distribution of a Bernoulli random variable, which allows us to solve the entire prob-
lem in just one stage, unlike many classical fuzzy optimization models for the distribu-
tion of urban trips (Samanta and Roy 2005; Ojha et al. 2009). Moreover, the functional
form of entropy can be understood as an approximation of the confidence level of the
predictions.

In addition, as mentioned in Section 3.2, some previous studies used triangular and
trapezoidal membership functions in the same context as the gravitational model (Equa-
tions (24)–(31)). The entropic membership function can be interpreted as an approximate
(derivable and concave) function of these types of formulations (triangular and trapezoidal
membership).

Our hypothesis is that it is possible to include vagueness and ambiguity through fuzzy
numbers, but the consideration of information gain can only be provided by a fuzzy-
entropy approach. Our proposal is useful for performing this task because it applies fuzzy
entropy on parameters and performs entropy maximization over trips.

In summary, the main contributions of considering fuzzy entropic parameters in an
entropy maximization model can be clarified by stating the following:

(1) The inclusion of fuzzy entropy on OD parameters allows us to include aspects that the
base model cannot handle, namely, assuring the information gain while considering
the vagueness and ambiguity of the parameters.

(2) The use of fuzzy parameters allows amodeler to realize that OD parameters are known
with uncertainty, and the consideration of fuzzy entropy reinforces the information
gain in this process.

To include uncertainty over oi and dj, we define the following bi-objective model:

g1 := max
tij
−

K∑
i=1

L∑
j=1

tij ln(tij) (38)

g2 := max
αj ,ρi ,η
{−αj ln(αj)− (1− αj) ln(1− αj), ∀ j ∈ n; (39)

− ρi ln(ρi)− (1− ρi) ln(1− ρi), ∀ i ∈ m; (40)

− η ln(η)− (1− η) ln(1− η)} (41)
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s.t.

L∑
j=1

tij = ρioi + (1− ρi)ōi, ∀ i ∈ m (42)

K∑
i=1

tij = αjdj + (1− αj)d̄j, ∀ j ∈ n (43)

k∑
i=1

L∑
j=1

cijtij = ηC + (1− η)C̄, (44)

tij ≥ 0, ρi, αj, η ∈ [ε; 1− ε], (45)

where ε in Equation (45) is an extremely small positive number (to avoid ln(0)). Functions
of the second goal are based on the entropy value of a Bernoulli random variable, and the
maximum value is reached at the center of the respective interval and computed indepen-
dently for αj, ρi and η. That is, if 0.5 = αj = ρi = η (medium point of each interval: 12 (dj +
dj), 1

2 (oj + oj) and 1
2 (C + C), respectively), then functions −αj ln(αj)− (1− αj) ln(1− αj),

−ρi ln(ρi)− (1− ρi) ln(1− ρi), and ηC + (1− η)C, reach their maximum value. However,
in the integratedmodel, as described in Equations (38)–(45), we are not necessarily obtain-
ing those maximum values in all the studied cases.

On the other hand, outside each interval oi = [oi, oi], dj = [dj, dj], and [C,C], the mem-
bership degree is zero.

The physical meanings of Equations (42) and (43) are analogous. In the case of
Equation (42), for each zone i, all the generated trips at that zone fall in the range (oi, oi).
If ρi −→ 1, then the number of trips will approach oi. On the other hand, if ρi −→ 0, then the
number of trips will approach the lower limit oi. Finally, if ρi −→ 1

2 , the number of generated
trips should approach 1

2 (oi + oi).
In the case of Equation (43), we refer to the trips attracted to each zone j, that is, all

the attracted trips falling within dj, dj). In particular, if αj −→ 0, then the number of trips

attracted in zone j will approach dj. On the other hand, if αj −→ 1, then the number of trips
will approach the lower limit dj. Finally, if αi −→ 1

2 , the number of attracted trips should

approach 1
2 (dj + dj).

In the case of Equation (44), this expression guarantees that the total costs of the system
fall between [c, c]. Analogous to Equations (42) and (43), the value of such costs depends
on the value of η.

In this article, we propose a solution method based on a compromise programing
method for the bi-objective formulation by considering a linear combination of two
weighted objectives described below:

(1) Goal 1, i.e. g1: The maximization of total system entropy weighted by a parameter θ1.
(2) Goal 2, i.e. g2: Themaximization of the sum of themembership functions for each gen-

eration/attraction of trips per zone and the membership total cost function. This goal
is weighted by a parameter θ2.

Parameters θ1 and θ2 have a sum of 1 (since the objectives are normalized). To com-
pare our model with models (24)–(31), we note that θ2 = θ and θ1 = 1− θ . That is,
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θ will represent the valuation of the aggregate membership of the fuzzy parameters.
Additionally, as we increase the value of θ , we expect the membership levels of the
different parameters to be close to 1. Thus, such a parameter plays an analogous role
to parameter E in Equation (25). This allows us to make additional comparisons of the
numerical results in Section 4.

Note that we could have disaggregated values in more areas than those proposed
here. For example, one for the generation of trips, another for the attraction of trips and
a last one for the costs. However, this apparent simplification allows us to analyze with
clarity the impact of uncertainty of such parameters in the estimation of trip distribu-
tion. Moreover, such extensions or modeling disaggregation do not add value to the
conceptual phenomenon addressed in this research and therefore are left for further
developments (as discussed in the conclusion of the paper) to allow for a clear presen-
tation of the phenomenon of uncertainty introduced through this entropic approach
with fuzzy parameters.

Thus, the bi-objective model can be aggregated as follows:

max
tij ,αj ,ρi

(1− θ) ∗ −
∑K

i=1
∑L

j=1 tij ln(tij)− g1

ḡ1 − g1

+ θ
1

ḡ2 − g2
∗
[
−
∑
j

[αj ln(αj)+ (1− αj) ln(1− αj)]

−
∑
i

[ρi ln(ρi)+ (1− ρi) ln(1− ρi)]

+ [−η ln(η)− (1− η) ln(1− η)]− g2
]

(46)

s.t.

L∑
j=1

tij = ρioi + (1− ρi)ōi, ∀ i ∈ m (47)

K∑
i=1

tij = αjdj + (1− αj)d̄j, ∀ j ∈ n (48)

k∑
i=1

L∑
j=1

cijtij = ηC + (1− η)C̄, (49)

tij � 0, ρi, αj, η ∈ [ε; 1− ε] (50)

where

• g1 is the solution of the problem of maximizing the entropy without considering the
membershipobjective associatedwith the functionsof generation andattractionor trips
(namely, θ = 0).
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• g2 is the solution of the maximization of the sum of the membership functions for the
total attraction and generation estimates and total costs, without considering the total
system entropy objective (θ = 1).

• g1 is the value of the trips’ entropy in the optimal solution of g2.
• g2 is the value of the sum of the membership functions for the total attraction and

generation estimates and total costs in the optimal solution of g1.
• ε in Equation (50) is an extremely small positive number (to avoid ln(0)).

Note that the trip entropy functions and the sum of the membership entropic func-
tions for the total attraction and generation estimates and total costs are strictly concave
functions. In addition, the optimization problem only contains linear constraints. These
two reasons guarantee that the variation in parameter θ between 0 and 1 allows us to
obtain the Pareto frontier of our bi-objective optimization problem (Pereyra, Saunders, and
Castillo 2013; Bonnel and Collonge 2015). In Appendix, we explain in more detail some
theoretical aspects about this Pareto frontier.

This formulation allows us to generate a sensitivity analysis for the results of tij for dif-
ferent values of the parameter weights in the objectives of the bi-objective formulation. In
the literature, we found some previous studies that used triangular and trapezoidal mem-
bership functions in the same context as the functions used in this research (Kalić and
Teodorović 2003; Samanta andRoy 2005). In ourwork, the proposedmembership functions
are more generic, as they can be interpreted as an approximation that could be recovered
from these types of functions. Moreover, the problem can be solved optimally with any
classical convex nonlinear optimization software.

In addition, through this formulation, we are able to analyze the variability of the classi-
cal results of the gravitational trip distribution models used typically in transport economy
studies, such as studies on accessibility, attractiveness and valuation of generalized travel
costs.

Another very important feature of the proposedmodel is related to a basic conservation
assumption behind entropy models for the estimation of transportation demand under
deterministic scenarios. That is, for deterministic values of oi and dj, this assumption is
stated as:

∑
i

oi =
∑
j

dj (51)

However, models used in practice to estimate both oi and dj differ in input information, and
as a consequence, it is common that this equality does not hold in practical applications.
To correct this, expansion factors are normally used. This practice can of course generate
errors in the estimations, which can cause potential mistakes in transportation policies and
predictions.

The proposed model does not need to use expansion factors, and we only require
relaxing Equation (51) to find at least one feasible solution, as follows:

[∑
i

oi;
∑
i

oi

]
∩
⎡
⎣∑

j

dj;
∑
j

dj

⎤
⎦ �= ∅ (52)
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This assumption relaxes the condition inherent to its deterministic counterpart (see
Equation (1)), allowing us to use an initial estimation of the attraction and generation of
trips. In this way, with the Lagrange first-order conditions for this problem, we obtain the
following results:

tij = exp (g10(τi + γj + βcij)) (53)

ρi =
(
1+ exp

(τi

θ
(ḡ2 − g2)(ōi − oi)

)−1
(54)

αj =
(
1+ exp

(γj

θ
(ḡ2 − g2)(d̄j − dj)

))−1
(55)

η =
(
1+ exp

(
β

θ
(ḡ2 − g2)(C̄ − C)

))−1
(56)

g10 =
ḡ1 − g1

1− θ
(57)

where τi, γj,β are Lagrange multipliers and g10 is the initial condition.
As mentioned before, exp(τi) and exp(γj) are associated with measures of accessibil-

ity and attractiveness for each zone (Martínez 1995). Moreover, β can be interpreted as
the marginal valuation of the generalized cost of individuals and agents. Note also that
ρi, αj, tij, η depend on the length of the interval associated with each parameter oi, dj and
C, as well as on the weight assigned to each objective.

By following Ortuzar and Willumsen (2011), Equation (53) becomes

tij = exp (g10) ∗ ai ∗ (ρioi + (1− ρi)oi)bj ∗ (αjdj + (1− αj)dj) exp (g10βcij) (58)

where exp (g10τi) = ai ∗ (ρioi + (1− ρi)oi) and exp (g10γj) = bj ∗ (αjdj + (1− αj)dj). Thus,
the balance factors ai and bj can be obtained as follows:

ai =
⎛
⎝exp (g10)

∑
j

bj ∗ (αjdj + (1− αj)d̄j) exp (g10 ∗ βcij)

⎞
⎠
−1

(59)

bj =
(
exp (g10)

∑
i

ai ∗ (ρioi + (1− ρi)ōi) exp (g10 ∗ βcij)

)−1
(60)

ai can be interpreted as a measure of the potential of accessibility to zone i, while bj can be
seen as an attraction factor in zone j. In both cases, these measures depend on the mem-
bership level in each parameter; this shows the potential impact of our formulation with
fuzzy parameters on project valuation subjects.

Equations (53)–(60) can be solved by integrating the constraints of the optimiza-
tion problem (Equations (47)–(49)) using nonlinear fixed-point methods and root finding
numerical methods.

Solution algorithm

In this section, we describe the algorithm used to solve the maximization problem pro-
posed. First, the sensitivity to the cost value is initialized to proceed with the optimization
procedure through iterations with fixed-point equations.
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We start with a seed value for β0, alongwith all the additional required parameters, such
as the cost matrix and tolerance values.

At iteration t, using βt−1, we can compute the values of τi
t and γj

t for all i, j. Then,
we replace the optimal values of ρi and αj from Equations (54) and (55) in Equations (47)
and (48) to obtain a system of fixed-point equations for the next iteration:

τ ti =
θ

(ōi − oi)(ḡ2 − g2)
ln

(
oi − ōi∑n

j=1 exp(g10(τ
t
i + γ t

j + βt−1cij))− ōi
− 1

)
, ∀ i ∈ m (61)

γ t
j =

θ

(d̄j − dj)(ḡ2 − g2)
ln

(
dj − d̄j∑n

i=1 exp(g10(τ
t
i + γ t

j + βt−1cij))− d̄j
− 1

)
, ∀ j ∈ n (62)

With the values of the multipliers from Equations (61) and (62), we can compute tij and η

for the tth iteration, which are denoted as: ttij, η
t .

ttij = exp((g10) ∗ (τ ti + γ t
j + βt−1 ∗ cij)), ∀ i ∈ m, j ∈ n (63)

ηt =
(
1+ exp

(
βt−1

θ
(g2 − g2)(C − C)

))−1
(64)

Finally, βt is computed with the following nonlinear equation (the root-finding algorithm).

m∑
i=1

n∑
j=1

cij exp
(
g10 ∗

(
τ ti + γ t

j + βt ∗ cij
))
= ηtC + (1− ηt)C (65)

The algorithm stops when the following condition is satisfied: |β t−1 − βt| ≤ epsilon
Apseudocode for the solutionalgorithmdescribedhere is presentednext inAlgorithm2.
Note that with the algorithm results, we can obtain the values of Goal 1 (g1) and Goal 2

(g2) and the balance factors (Equations (59) and (60)) for each variation of weight θ .
Asmentioned in the Introduction section, this algorithm is useful formodelingODmatri-

ces of large sizes, such as those found in realistic problems, in which case, most nonlinear
optimization packages are unable to find a solution for these problems.

5. Numerical examples

We present two numerical examples, a small example with synthetic data with five origins
and destinations and a second example with one hundred origins and destinations that
represents the city of Concepción in Chile. In the first 5× 5 case, we expose the attractive-
ness and accessibility indicators that are obtainedwith ourmodel. In addition, we compare
the results of our methodology against the triangular, trapezoidal, and CRISP membership
functions.

5.1. First example: the synthetic scenario

To apply the model described above, we first develop the methodology for a synthetic
example consisting of 5 origin and 5 destination zones. In addition, for each zone, the num-
ber of trips attracted and generated are not known with certainty. Furthermore, the total
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Algorithm 2: Entropy maximization with fuzzy entropic parameters
1: procedure MAXIMIZATION(Entropy,Membershipfunction)
2: θ

3: β ← β0

4: ε ← ε � This is a tolerance value
5: �β ← β0

6: g2← g2 � Calculated before

7: g2← g2 � Calculated before
8: g1← g1 � Calculated before

9: g1← g1 � Calculated before
10: WHILE�β ≥ ε DO:
11: Calculate τ ti and γ t

j with Equations (61) and (62). (a system of fixed-point equations)
12: Calculate ηt with Equation (64)
13: Calculate βt using Equation (65). (a root-finding algorithm)
14: �β ← |βt − βt−1| ENDWHILE
15: τi ← τ ti
16: γj ← γ t

j
17: β ← βt

18: η← ηt

19: tij ← exp
(
g10 ∗

(
τ ti + γ t

j + βt−1 ∗ cij
))

, ∀ i ∈ m, j ∈ n

20: ρi ←
(
1+ exp

(τi

θ
(g2 − g2)(oi − oi

))−1
21: αj ←

(
1+ exp

(γj

θ
(g2 − g2)(dj − dj

))−1
22: oi ← ρioi + (1− ρi)oi
23: dj ← αjdj + (1− αj)dj

24: g1 :
−∑K

i=1
∑L

j=1 tij ln(tij)−g1
g1−g1

25: g2 :
−∑j[αj ln(αj)+(1−αj) ln(1−αj)]−

∑
i[ρi ln(ρi)+(1−ρi) ln(1−ρi)−η ln(η)−(1−η)ln(1−η)]−g2

g2−g2
26: return tij; η; τj; γj;β ; ρi;αj; oi; dj; g1; g2

cost of the system (C) is also not fully determined. Thus, we assume that the actual number
of effective generated and attracted trips per zone during the whole modeling period are
contained in a box of uncertainty bounded by a lower limit and an upper limit that define
the range of potential values for the demandparameters. Similarly, there are bounds (lower
and upper) for the total cost of the system. Note that, in practical terms, the actual average
values of the numbers of trips are not known, although they can be estimated according to
some relevant confidence level, which allows us to define parameters such as fuzzy num-
bers. For this small application case, ranges for thenumbers of trips generatedandattracted
by the 5 origin and destination zones are listed in the following Table 1.

At this point, wemust verify that themodel is able to find at least one feasible solution so
that the total number of trips for each range of values can be computed. The sumof the lim-
its of the different uncertainty boxes for the generated trips is equal to Tprod = [855, 1196],
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Table 1. Bounds for the generated and attracted trips.

Generated and attracted trips

Generated trips Attracted trips

ZO Lower limit oi Upper limit oi ZD Lower limit dj Upper limit dj

O1 175 243 D1 183 249
O2 169 236 D2 178 251
O3 171 239 D3 180 244
O4 166 238 D4 184 245
O5 174 240 D5 185 252

Table 2. Distances between each pair of zones.

Zones D1 D2 D3 D4 D5

O1 23 20 19 31 25
O2 12 16 20 10 13
O3 11 13 17 19 13
O4 17 20 28 15 21
O5 10 12 9 15 17

while the sum for the attracted trips is TAtra = [910, 1241]. Note that the intersection of the
intervals is not empty. In addition, C = 78 and C = 0.1.

On the other hand, the distances for each i−j pair are presented in the following Table 2.
The limits of the entropy function are [g1, g1] ≈ [−4207.2;−3841.5], while the limits of

the sum of the membership functions are [g2, g2] ≈ [6.412; 7.294].
In this way, the optimization problem for this synthetic example is written as follows:

max
tij ,αj ,ρi

= (1− θ)
−∑5

i=1
∑5

j=1 tij ln(tij)+ 4207.2

−3841.5+ 4207.2

θ

7.294− 6.412
∗
⎡
⎣− 5∑

j=1
[αj ln(αj)+ (1− αj) ln(1− αj)]

−
5∑

i=1
[ρi ln(ρi)+ (1− ρi) ln(1− ρi)]− [η ln(η)+ (1− η) ln(1− η)]− 6.412

]

s.t.

t1,1 + t1,2 + t1,3 + t1,4 + t1,5 = ρ1175+ (1− ρ1)243

t2,1 + t2,2 + t2,3 + t2,4 + t2,5 = ρ2169+ (1− ρ2)236

t3,1 + t3,2 + t3,3 + t3,4 + t3,5 = ρ3171+ (1− ρ3)239

t4,1 + t4,2 + t4,3 + t4,4 + t4,5 = ρ4166+ (1− ρ4)238

t5,1 + t5,2 + t5,3 + t5,4 + t5,5 = ρ5174+ (1− ρ5)240

t1,1 + t2,1 + t3,1 + t4,1 + t5,1 = α1183+ (1− α1)249
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t1,2 + t2,2 + t3,2 + t4,2 + t5,2 = α2178+ (1− α2)251

t1,3 + t2,3 + t3,3 + t4,3 + t5,3 = α3180+ (1− α3)244

t1,4 + t2,4 + t3,4 + t4,4 + t5,4 = α4184+ (1− α4)245

t1,5 + t2,5 + t3,5 + t4,5 + t5,5 = α5185+ (1− α5)252

23t1,1 + 20t1,2 + 19t1,3 + 31t1,4 + 25t1,5 + . . .

+ 10t5,1 + 12t5,2 + 9t5,3 + 15t5,4 + 17t1,5 = η0.1+ (1− η) ∗ 78
tij ≥ 0, ρi, αj, η ∈ [ε; 1− ε]

where ε is an extremely small positive number (to avoid ln(0)).
First, the results of the proposed model are compared with the results of 4 optimiza-

tionmodelswithmembership functions from the literature. These are two trapezoidal-type
functions, one triangular function and a function with CRISP (interval) parameters. Figure 2
shows the parameters used in themembership functions for oi. The structures of themem-
bership functions fordj andC are equivalent to the structure of theoimembership function.
Some features of these membership functions are as follows:

(1) The CRISP function takes the value 1 within interval [oi, oi] and takes the value zero
outside this interval (Figure 2(d)).

(2) Similar to all entropic functions, triangular membership functions reach the highest

value in the center of the interval
oi+oi
2 (Figure 2(b)).

(3) Membership functions for trapezoidal numbers (oi,oi1,oi2, oi) were designed with a
symmetrical structure; that is to say, the distance between oi and oi1 is equal to the dis-
tance between oi2 and oi. In the case of trapezoidal model 1, this distance is 1

4 (oi − oi)
(Figure 2(a)), while In the case of trapezoidal model 2, this distance is 1

3 (oi − oi) (Figure
2(c)).

The main objective for designing these functions, with this symmetrical structure, is the
possibility of comparing different structures of entropic membership functions.

In Table 3, we display a summary of the results for trapezoidal membership functions
1 and 2, CRISP range, and our entropic function. In all cases, for θ ∈ {0.1, . . . , 0.9} or E ∈
{0.1, . . . , 0.9}, the mean, standard deviation, and coefficient of variation for the number of
trips associated with each ODmatrix obtained are reported.

According to the results in Table 3, the ODmatrices of the entropic membership model
are the least dispersedwith respect to the values of θ . In addition, in thismodel, the number
of trips is not as dispersed in terms of the variation in the values of θ ; the number of trips
ranges from44.4 (θ = 0.1) to 41.951 (θ = 0.9). Themost dispersed results are obtainedwith
trapezoidal model 2 in the case of E = 0.8. However, in the triangular model, greater vari-
ability is noted with small values of E. It is worth stating that in some cases, feasible models
cannot be achieved due to the α-minimum cut of the membership function. In our formu-
lation, all the results are feasible due to the formulation of the bi-objective problem as a
compromise optimization model.

To analyze the variability and similarity in the OD matrices obtained with the triangular
model, trapezoidal model 1, trapezoidal model 2, CRISP model and entropic membership
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Figure 2. Membership functions for oi . (a) Fig 2a. (b) Fig 2b. (c) Fig 2c and (d) Fig 2d.

Table 3. Summary of the membership function results.

Entropic Trapezoidal model 1 Trapezoidal model 2 Triangular

θ , E Mean SD CV Mean SD CV Mean SD CV Mean SD CV

0.1 44.398 0.791 1.8% 47.055 4.826 10.3% 46.750 5.030 10.8% 46.114 5.327 11.6%
0.2 43.082 1.163 2.7% 46.114 5.327 11.6% 45.469 5.615 12.3% 44.166 6.226 14.1%
0.3 42.59 1.705 4.0% 45.143 5.755 12.7% 44.166 6.226 14.1% 42.220 7.449 17.6%
0.4 42.337 2.443 5.8% 44.166 6.226 14.1% 42.862 6.955 16.2% 39.672 7.939 20.0%
0.5 42.184 3.462 8.2% 43.188 6.763 15.7% 41.527 7.906 19.0% 39.710 22.43 56.5%
0.6 42.084 4.932 11.7% 42.220 7.449 17.6% 39.672 7.939 20.0% INFEASIBLE
0.7 42.016 7.214 17.2% 41.072 7.824 19.% 39.489 16.456 41.7% INFEASIBLE
0.8 41.972 11.211 26.7% 39.672 7.939 20.0% 39.931 28.822 72.2% INFEASIBLE
0.9 41.951 19.977 47.6% 39.379 13.576 34.5% INFEASIBLE INFEASIBLE

functionmodel, the χ2 statistical test is used, following the ideas of Black (2018). Generally,
given two matrices T and S, the test seeks to determine whether matrix T fits matrix Swith
the following test statistic:

χ2(T , S) =
K∑
i=1

L∑
j=1

(Tij − Sij)2

Sij
(66)

This test statistic χ2 is distributed with K − 1× L− 1 degrees of freedom (16 for our first
example). If p−value = P(χ2

gl=K−1×L−1 > χ2(T , S)) is greater than a significance level (for
example, 5%), then the hypothesis that matrix T fits matrix S cannot be rejected. Note that
this test is not necessarily symmetric. In otherwords, if amatrix T fits S, Sdoesnotnecessarily
fit T. For the analysis of the results, the two tests are carried out, and thus, it is shown that
the two ODmatrices are statistically equal. On the other hand, if in any case the probability
is less than the significance level, it can be concluded that the matrices are different. In
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addition, the following indicator is calculated to analyze the percent difference between
the two matrices.

diff (T , S) = 1
K ∗ L

K∑
i=1

L∑
j=1

|Tij − Sij|
Sij

(67)

If T = S then diff (T , S) = 0. This indicator measures the average percentage change in the
number of trips between theODpairs of thematrix T with respect to thematrix S. Note that
Sij must be greater than zero for Equations (66) and (67) to make sense.

First, the results of the model with CRISP interval parameters (Tcrisp) are compared with
themodelswith trapezoidal (1 and2), triangular andentropicmembership functions,which
are noted (TEtrap1; T

E
trap1; T

E
triang; T

θ
entr). The parameter E is the minimum level of membership

in the trapezoidal membership functions within the model (see Equation (25)), and θ is the
valuation of the goal g2 within the optimization model described in Equations (46)–(50).

The following Table 4 shows the value of the χ2 statistic for each case (the trapezoidal
models 1 and2and the triangular andentropicmembership functions), thep-value, and the
level of difference in the obtainedmatrices,where Tcrisp is set as the adjustment or reference
matrix.

The results in Table 4 show that the fourmodels adjust with the CRISPmodel when there
are small values of θ (E) (that is, it cannot be shown that the solutions of the fourmodels are
significantly different from a CRISP solution). For example, trapezoid model 1 result, when
E is less than or equal to 0.5, fits with the CRISP result; however, as E becomes larger, that fit
becomesmuch smaller. For trapezoidmodel 2, when E is less than or equal to 0.4, the result
can be adjusted to the CRISP model result. For the triangular model, when E is equal to 0.1
and 0.2, the result can be adjusted. In the entropic model, the results can be statistically
adjusted in more cases, up to when θ is less than or equal to 0.6. In general, it is shown that
all the models generate different solutions as the values of θ and E increase. This implies
that the real existence of two conflicting objectives (entropic and fuzzy membership) can
be affirmed, which validates the basic assumption of multi-objective optimization models
(in this case, a bi-objective model). On the other hand, when analyzing the indicator diff, it
is observed that all the models generate different solutions by varying the values of θ and
E. We can highlight the following results from this indicator:

• For small values of θ (E), the OD matrix of the membership function with entropy is the
least similar to that of the CRISP model.

• For high values of θ (E), the OD matrix of the trapezoid 2 membership function is the
least similar to that of the CRISP model.

• There is no direct relationship between the difference indicator and the χ2 statistic. For
example, for trapezoidalmodel 1 with E = 0.5, there is a p-value of 0.126 and an average
percentage difference of 11%. In trapezoidal model 2, with E = 0.4, there is an indicator
of difference of 11.7% and a p-value of 0.062, and finally, in the entropic version, with
θ = 0.4, there is a difference indicator of 11.4% and a p-value of 0.403.

In Tables 5, 6 and7,we show that there is a relationship among the solutions of the trape-
zoidal (1 and 2), triangular and entropic membership function models. This result permits
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Table 4. Results of the chi-square test and difference indicator.

Trapezoidal model 1 Trapezoidal model 2 Triangular Entropic

E, θ χ2 p-value diff χ2 p-value diff χ2 p-value diff χ2 p-value diff

0.1 1.752 1 3.1% 2.729 0.9999 3.8% 4.791 0.997 5.01% 10.177 0.857 7.80%
0.2 4.792 0.997 5% 7.459 0.963 6.2% 14.939 0.529 8.94% 14.512 0.561 9.70%
0.3 9.043 0.912 6.9% 14.939 0.529 8.9% 31.82 0.011 13.31% 16.033 0.451 10.70%
0.4 14.939 0.529 8.9% 25.468 0.062 11.7% 51.428 1.35E−05 18.74% 16.729 0.403 11.40%
0.5 22.549 0.126 11% 38.287 0.0014 14.9% 242.515 1.77E−42 38.77% 17.683 0.343 11.80%
0.6 31.82 0.011 13.3% 51.428 1.35E−05 18.7% INFEASIBLE 20.4058 0.202497 12,30%
0.7 40.357 0.0007 15.7% 139.034 1.11E−21 29.7% INFEASIBLE 28.743 0.02573 13.60%
0.8 51.428 1.35E−05 18.7% 394.385 5,47E−74 50.3% INFEASIBLE 56.266 2.20E−06 19.10%
0.9 102.528 1.16E−14 25.3% INFEASIBLE INFEASIBLE 175.021 8.36E−29 33.10%
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Table 5. Results of the chi-square test on the entropic and trapezoidal 1 mem-
bership functions.

E θ χ2(TEtrap1, T
θ
Entro) p-value χ2(Tθ

Entro, T
E
trap1) p-value

0.1 0.1 14.57 0.556 12.968 0.675
0.2 0.2 16.998 0.386 14.852 0.536
0.3 0.3 15.719 0.473 14.027 0.597
0.4 0.4 14.237 0.581 13.218 0.657
0.5 0.5 13.801 0.614 13.567 0.631
0.6 0.6 14.876 0.534 15.398 0.496
0.7 0.7 12.453 0.712 13.562 0.631
0.8 0.8 15.824 0.465 17.845 0.333
0.9 0.8 13.581 0.63 16.127 0.444

Table 6. Results of the chi-square test on the entropic and trapezoidal 2 mem-
bership functions.

E θ χ2(TEtrap2, T
θ
Entro) p-value χ2(Tθ

Entro, T
E
trap2) p-value

0.1 0.1 14.880 0.533 13.376 0.645
0.2 0.2 16.737 0.403 15.061 0.520
0.3 0.3 16.499 0.419 15.624 0.479
0.4 0.4 17.700 0.342 18.152 0.315
0.5 0.5 19.852 0.227 22.283 0.134
0.6 0.6 13.332 0.648 15.605 0.481
0.7 0.9 14.605 0.554 15.770 0.469
0.8 0.95 7.164 0.970 7.916 0.951

Table 7. Results of the chi-square test on the entropic and triangular member-
ship functions.

E θ χ2(TEtriang , T
θ
Entro) p-value χ2(Tθ

Entro, T
E
triang) p-value

0.1 0.5 13.821 0.612 12.021 0.743
0.2 0.6 10.768 0.824 9.857 0.874
0.3 0.7 15.984 0.454 16.338 0.430
0.4 0.8 15.824 0.465 17.845 0.333
0.5 0.9 16.169 0.441 21.047 0.177

us to conclude that themodelwith the entropicmembership function reproduces the solu-
tions of the classic models from the literature. After the tables, the practical implications of
these results are explained.

Table 5 shows the χ2 test between the entropic model matrices (Tθ
Entro) and the trape-

zoidal model 1 matrices (TEtrap1) (the test is performed in both directions to show the
equivalence of the two matrices).

The Table 5 shows that in almost all cases, when θ = E, the matrices TEtrap1, T
θ
Entro are sta-

tistically equal. Theminimum p-value was 0.386, which implies that the statistical evidence
does not reject the hypothesis that they are equivalent matrices. When E equals 0.9, the
best adjustment of the matrix T0.9trap1 is with T0.8Entro (θ = 0.8). As previously mentioned, these
results permit us to conclude that the entropic model replicates the solutions not only for
the CRISP model but also for the fuzzy optimization model with trapezoidal 1 membership
functions of the type shown in Figure 2.

For trapezoidal model 2, the following results are obtained (Table 6):
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According to Table 6, the solutions of themodel with the entropicmembership function
are equivalent to those of themodel with trapezoidal function 2. For the cases when E is 0.7
and 0.8, it is necessary to adjust with values of θ to 0.9 and 0.95, respectively. Theminimum
p-value is 0.134, which indicates that there is no statistical support to reject the statement
that the matrices are the same for the cases mentioned in that table.

The Table 7 the results for the triangular model. For the feasible cases of this model
(E = 0.1, . . . , 0.5), values of θ where the OD matrices are equal to the results of the model
with entropicmembership functions are found. In this case, a fit is foundwhen θ = E + 0.4.
In other words, small values of θ (less than 0.5) may be the least suitable for analyzing
equivalence because the triangular model approaches the center of the intervals faster.

In numerical terms, from the examples developed in this section, the entropic mem-
bership model reproduces solutions that are statistically equivalent to those of the trape-
zoidal (1 and 2) and triangular models. However, the trapezoidal (triangular) models, given
the inequality constraints that appear in their specifications, result in multipliers that are
approximately equal to zero in most of the cases since the obtained solutions are inte-
rior points (complementary slackness conditions). This fact does not allow us to perform a
direct analysis of the marginal effects of the variations in oi and dj on tij. This drawback also
appears in the accessibility and attractiveness measures. The entropy model, with equal-
ity constraints, allows us to find values greater than zero for the multipliers in all the cases.
On the other hand, the marginal utility of income becomes zero in the trapezoidal model
because its multiplier is in fact zero (complementary slackness condition). In the entropy
model, this value (β) is also different from zero. It is also worth mentioning that based
on the solutions for tij, oi and dj obtained from the trapezoidal and triangular models, we
effectively could obtain estimates for these valuations (accessibility and attractiveness).
However, for conducting such analyzes, it would be necessary to implement either a clas-
sical entropic model or its dual, and to the best of our knowledge, those analyzes have not
been reported in the previous literature related to fuzzy optimization for entropy and trip
distribution.

The results of the marginal analysis and Pareto frontier of the model proposed in the
present research are presented in Appendix.

5.2. Second test example: Concepción case

To illustrate the application of the model in a real setting, we use a set of zones from the
city of Concepción in Chile. In this example, there are 100 zones distributed throughout the
city. The data were obtained from the household survey conducted in 2002. For the 100
zones chosen in Concepción, there are records in the database to identify and characterize
a household as a unit of analysis.

Before looking for a solution, it is important to analyze whether the inputs from the dis-
tribution stage could generate a solution. To check if this is true, the following procedure is
carried out. As we want a distribution of trips not limited by a fixed value but falling within
a range of values, the intersection of the boxes of variability must not be empty. Follow-
ing this idea, the total sum of the 100 limits associated with the boxes of generated trips is
equal to Tgene = [185249; 186659]. On the other hand, the sum of the boxes corresponding
to the attracted trips is TAtra = [186441; 281860]. Since the intersection of these sets is not
empty, one could assume that it is possible to find at least one solution for the distribution
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Figure 3. Box-and-whisker plots for the bounds of oi and dj .

Figure 4. Density function of the generalized costs (Chilean pesos).

problem. However, the interval of attracted trips is much wider. This condition will have a
relevant effect on the solutions.

Figure 3 (box-and-whisker plots) shows the distribution (dispersion and symmetry) of
the bounds of the attracted and generated trips, namely, dmin = d, dmax = d, omin = o and
omax = o.

Figure 4 shows the density function of the generalized costs (Chilean pesos: 1 dollar is
approximately 750 Chilean pesos).
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Table 8. Feasibility of the models.

Model Feasibility

CRISP Always feasible
Trapezoidal 1 E = 0.1, 0.2 and 0.3
Trapezoidal 2 E = 0.1, 0.2
Triangular E = 0.1
Entropic g1(Crisp), g2, θ = 0.1, 0.2, 0.3, . . . , 0.9

Table 9. Statistical results of
TCRISP .

Mean 18.67

SD 19.92
CV 1.07
1st quartile 5.83
Median 12.79
1st quartile 24.48
5th percentile 0.00593

Table 10. Statistics for the absolute values of the differences between the triangular (Trapezoidal 1 and
Trapezoidal 2) and CRISP models.

ABS(TETrap1 − TCrisp) ABS(TETrap1 − TCrisp) ABS(TEtriang − TCrisp)

E = 0.1 E = 0.2 E = 0.3 E = 0.1 E = 0.2 E = 0.1

Mean 0.012 0.023 0.035 0.016 0.031 0.023
SD 0.038 0.080 0.132 0.052 0.113 0.080
10th percentile 0.001 0.002 0.003 0.001 0.003 0.002
3th quartile 0.002 0.005 0.007 0.003 0.006 0.005
Median 0.004 0.008 0.012 0.005 0.011 0.008
1st quartile 0.007 0.014 0.020 0.009 0.018 0.014
99th percentile 0.212 0.451 0.726 0.286 0.627 0.451

In the following cases (Table 8), for the CRISP, triangular, trapezoidal 1, trapezoidal 2, and
entropy models, the feasibility is obtained:

In this case, since all the obtainedmatrices have small travel values (much less than 1) in
a considerable number of cells, it is not convenient to use the χ2 statistic. To compare the
results, the absolute values of the differences between each obtainedmatrix and thematrix
of the CRISPmodel are used. That is, if there is a solutionmatrix S, thematrix ABS(S− TCrisp)
will be obtained, and tomake these comparisons, themean, first quartile, median and third
quartile are analyzed.

First, some statistical results of the matrix TCrisp are presented (Table 9).
The 5th percentile is presented to show that in at least 500 OD pairs, the number of trips

is 0.
The Table 10 shows some statistical results of the absolute difference matrices between

the CRISP model and the triangular membership function (E = 0.1), trapezoidal model 1
with E = 0.1, 0.2 and 0.3 and trapezoidal model 2 with E = 0.1 and 0.2.

The results of Table 10 show that there is no difference between the trip distribution
matrix of the CRISP model and the matrices of the triangular and trapezoidal membership
functions. For example, the 99th percentile has amaximum absolute difference of less than
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Table 11. Statistics for the absolute values of the differences between the entropic and CRISP
models.

ABS(Tθ
entro − TCrisp)

θ = 0.1 θ = 0.3 θ = 0.5 θ = 0.7 θ = 0.9 θ = 0.99

Mean 0.099 0.306 0.669 1.513 4.350 8.529
SD 0.195 0.572 1.299 2.967 10.560 34.837
10th percentile 0.006 0.017 0.029 0.131 0.345 0.594
1st quartile 0.018 0.057 0.123 0.333 0.891 1.445
Median 0.045 0.153 0.333 0.769 1.923 2.897
3rd quartile 0.097 0.338 0.738 1.672 4.763 7,390
99th percentile 1 2.478 5.632 12.306 35.877 77.231

1 trip (0.7626). Furthermore, the maximum value of the 3rd quartile is 0.02. In other words,
the variation in the parameter (E) in the traditional models failed to reflect the diversity of
the generated and attracted trips in the resulting ODmatrices.

Below (Table 11), the same results (the absolute values of the differences between the
OD entropic model matrices and the CRISP model matrices) are shown for some values
of θ . Note that as the value of θ increases, the solutions obtained by the proposed model
Tθ
entrop move away from the CRISPmodel solutions. That is, in this case, a bi-objectivemodel
that better captures the variability of the parameters of the attracted and generated trips
and the total cost of the system is indeed found. Unlike the classic models, a range of
travel variability can actually be generated between each OD pair. It is worth mentioning
that starting at θ = 0.7, a significant difference between the matrices Tθ

entrop and Tcrisp is
noticed.

6. Conclusions

In this research, an extension of the doubly delimited model of maximum entropy is pro-
posed for the distribution of trips, including the uncertainty inherent in the estimation of
the generated and attracted trips by zone (oi and dj, respectively) and the total cost. To
incorporate this uncertainty, a fuzzy membership function is formulated using the entropy
value of a Bernoulli random variable. This membership function allows us to consider a
differentiable bi-objective optimizationproblem. For this reason, thismethod canbe imple-
mented easily. On the other hand, the entropic membership function can be seen as a
(differentiable) smooth approach to other membership functions, such as triangular and
trapezoidal ones. This fuzzy entropic membership function can be applied to measure the
subjective value of information under a condition of uncertainty related to the parame-
ters of interest. In addition, we highlight the tactical and operational gains provided by
our approach regarding their impact on the process of designing transportation systems
as a result of the inclusion of information gain, randomness and ambiguity in the OD
parameters.

Another advantage of the proposed model is that it is not necessary to use expansion
factors to fulfil the condition that

∑
i oi =

∑
j dj because the interval estimations of oi or

dj allow the relaxation of such conditions. In addition, the interval estimations allow us to
analyze, within the different stages of decisions, the impact generated by the uncertainty
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or variability in the parameters obtained in the first stages of an urban transport planning
methodology.

This model is resolved by means of compromise programing considering a weighted
sumofobjectives. Fromsucha formulation,weare able to analyze, compute andextend the
results typically found in transport economic analyzes, such as accessibility, attractiveness
and generalized cost valuation. In addition, this formulation, as a weighted sum of concave
functions, allows us to solve the problem in just one step, keeping the uniqueness of the
solution of the associated optimization problem.

Through some illustrative numerical examples, we have shown that the model based
on entropic membership functions is able to capture the variations in distribution pat-
terns associated with changes in the weights embedded in a bi-objective formulation of
the problem, where we explicitly model the trade-off between the maximization of total
system entropy and themaximization of the sumof themembership functions for the gen-
eration/attraction and total cost functions. The results show that the entropic model can
make a difference with respect to the CRISP version when some combinations of weights
are tested in the bi-objective formulation, which is not possible with many of the alterna-
tive membership functionmodels. In addition, from the reported experiments, we observe
that the entropic model is feasible regardless of the values of the weights, which are found
to be relevant features because, in several cases, the alternative models report infeasible
solutions.

Although the strategic aspects indicated above are relevant, there are some tactical and
operational issues worth highlighting. In this sense, we note that the proposed method
generates additional valuable information from the result, such as (i) the possibility to
reproduce (under certain specific conditions) the results of the fuzzy methods in particu-
lar cases of our more general Pareto frontier, and (ii) indicators, including ai and bj, in the
proposed formulation and factors that are not defined in the fuzzy cases are used as bench-
marks. Thus, we recognize some important aspects in terms of the more robust results
and interpretability of the obtained parameters, such as the balance factors as accessibility
and attractiveness measures. In fact, in terms of policy or project evaluation, it is feasible
to generate boxes of uncertainty for the measures of accessibility and attractiveness, as
well as for the total number of trips between different zones. These values are relevant to
urban and transport economics and are not easy to obtainwith alternative specifications of
membership functions. In entropic specifications, computing the dual values from comple-
mentary slackness conditions is straightforward, as themodel is written in terms of equality
constraints.

For future research, we can first generalize this modeling approach to consider other
methods for modeling the distribution of trips, which consider different constraints and
aggregation levels (modes, route choice, land use, etc.) (Wang et al. 2018; Li et al. 2019). We
canalso consider adifferent disaggregationof theobjectives (for example, one for attracted
trips, another for generated trips and one that focuses on costs). Several extensions of
the results can be envisaged in other contexts of mathematical modeling, such as logis-
tic applications (Teye, Bell, and Bliemer 2017; Teye and Hensher 2021), game theory (Roy
and Das 2013), queuing systems (Jain and Bhagat 2015; Jain, Sharma, and Rani 2016),
portfolio optimization (Zhou et al. 2015), urban and land use systems (Briceño-Arias and
Martínez 2018; Purvis, Mao, and Robinson 2019), transportation and land use interactions
(Li et al. 2019), and social systems (Mishra and Ayyub 2019) among others.
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Balance factors analysis

The results of the marginal analysis of the model proposed in the present research are presented in
this section.We focus on the calculation of accessibility and attractivenessmeasures. These results are
not comparable to the previousmodels, because in those studies such considerations are not carried
out.

Regarding the balance factors of the zones considered, ai and bj , the results are presented
below according to three different configurations of the weights associated with the two considered
objectives.

Additionally, the values of β (marginal utility of income) are presented in Table A2.
It can be observed that the results in Table A1 are similar among zones. However, it cannot be

stated that the zones have the same accessibility or attractiveness ratings, due to the changes in β

reported in Table A2. In this example, for a fixed value of θ almost the same attractiveness or accessi-
bility values (using Equations (9) and (10)) for all zones are obtained. This indicates that these zones
have similar characteristics for thosewho travel. In otherwords, for users, destination zones are almost
equally accessible from all origins, and destinations attract similar flows from all origins. However,
by varying θ , an interval where these measures vary in each zone can be obtained, allowing for the
flexibility of these indicators which are relevant in models for land use and the evaluation of trans-
portationprojects. The following table shows theaverage results of those values (averageaccessibility
and attractiveness) for different values of θ .

Table A4 shows the minimum, maximum and average values of ρi , αj and η. In addition, this table
shows the level of membership of each entropic function according to different values of θ .

Pareto frontier

It is relevant to mention that there is more than one alternative to determine Pareto frontiers for bi-
objective optimization problems; eachmethodhas drawbacks and advantages in its implementation.
We utilized two different approaches, theweighted sum and the inclusion of an inequality constraint,
to consider oneof theobjective functions; this lastmethod is knownas ε-constraints. Notice that there
are more alternatives in the literature for exploring the Pareto frontier.

Table A1. Balance factors ai and bj .

θ 0.2 0.5 0.8 θ 0.2 0.5 0.8

Zones Values ai Zones Values bj

O1 0.00459 0.00469 0.00476 D1 0.00462 0.00473 0.00484
O2 0.00471 0.00482 0.00483 D2 0.00465 0.00479 0.00490
O3 0.00465 0.00477 0.00477 D3 0.00471 0.00483 0.00493
O4 0.00470 0.00483 0.00483 D4 0.00465 0.00476 0.00486
O5 0.00462 0.00473 0.00472 D5 0.00458 0.00469 0.00479

Table A2. β (Marginal
utility of income).

θ β

0.1 −0.000480
0.2 −0.000810
0.3 −0.001139
0.4 −0.001457
0.5 −0.001760
0.6 −0.002036
0.7 −0.002267
0.8 −0.002410
0.9 −0.002343
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Table A3. Average accessibility and attractive-
ness for values of θ .

θ Average accessibility and attractiveness

0.9 2263.1
0.8 2213.8
0.7 2353.9
0.6 2622.1
0.5 3037.9
0.4 3672.0
0.3 4706.2
0.2 6629.9
0.1 11240,9

Table A4. Membership levels and values of ρ,α and η.

θ min(αj) max(αj) α μ(α) min(ρi) max(ρi) ρ μ(ρ) η μ(η)

0.1 0.387 0.404 0.396 0.969 0.244 0.268 0.252 0.815 0.061 0.333
0.2 0.493 0.501 0.495 0.999 0.344 0.361 0.349 0.933 0.091 0.440
0.3 0.529 0.537 0.532 0.997 0.381 0.396 0.385 0.961 0.104 0.481
0.4 0.546 0.556 0.551 0.992 0.400 0.414 0.403 0.973 0.112 0.506
0.5 0.557 0.568 0.563 0.989 0.411 0.424 0.415 0.979 0.119 0.527
0.6 0.564 0.577 0.570 0.986 0.418 0.431 0.422 0.982 0.127 0.549
0.7 0.569 0.583 0.576 0.983 0.423 0.435 0.427 0.985 0.137 0.577
0.8 0.572 0.587 0.579 0.982 0.427 0.438 0.430 0.986 0.153 0.618
0.9 0.573 0.589 0.580 0.981 0.429 0.439 0.432 0.987 0.186 0.692

Some of the alternatives for exploring and finding Pareto frontiers are weighted sum (Das and
Dennis 1997; Kaisa 1999; Zhang, Li, and Song 2008; Leyffer 2009), weighted metrics (Kaisa 1999),
the method in Kaisa (1999) and Grandinetti et al. (2010), the normal boundary intersection (Das
and Dennis 1997), the normalized normal constraint (Messac, Ismail-Yahaya, and Mattson 2003)
and achievement scalarizing functions (Kaisa 1999). The advantages and disadvantages of these
methodologies depend on themathematical features, variables, constraints, and objective functions
involved.

In our setting, one of the objective functions is a concave maximization of the total entropy; the
other is also a concavemaximization. It is also related to the entropy but, in this case, associated with
the OD matrix’s fuzzy parameters. On the other hand, all constraints are linear. This means that our
formulation falls in the category of bi-objective convex optimization problems.

Therefore, in our development, we can establish the properties that apply when a bi-objective
optimization problem is convex. In particular:

(1) Every local Pareto optimal solution is also a global Pareto optimal solution.
(2) For a Pareto optimal solution, there is aweighting vector (θ , 1− θ ) such that the solution belongs

to the Pareto front of a weighted sum expression, as proposed in our work.
(3) However, this is valid not only for the weighted sum approach but also for the ε-constraints

method. This is because for every solution to this problem, a set of optimal weights in the context
of a weighted sum approach can be found. Therefore, by transitivity, through this method, it is
also possible to find the Pareto frontier in the case of convex bi-objective problems.

These statements are true, because they have been proved by theorems developed in the con-
text of the multi-objective optimization literature. Specifically, Kaisa (1999) developed points 1, 2,
and 3 in Theorems 2.2.3 (amore general version for quasiconvex problems is in 2.2.4), 3.1.4, and 3.2.6,
respectively. Please note that these proofs are valid not only for bi-objective but also for convexmulti-
objective optimization problems. Formore information for interested readers on Pareto set and front
optimizationwe recommend Pereyra, Saunders, and Castillo (2013), and Bonnel and Collonge (2014).
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Table A5. Values of g2 and g1 for
different values of θ .

θ g2 g1

0.1 0.0% 100.0%
0.2 60.3% 99.9%
0.3 72.2% 96,9%
0.4 76.4% 93.4%
0.5 78.6% 90.8%
0.6 80,4% 79,8%
0.7 82.3% 62.0%
0.8 85.1% 57.9%
0.9 100.0% 0.0%

In conclusion, according to our literature review and considering the mathematical features of
the problem, the proposed weighted sum and methods allow us to find the Pareto frontier for our
problem. As an example, we provide an example of the construction of the Pareto frontier in the
example presented in Section 5.1 of the paper.

Table A5 shows the solutions of g1 and g2 for different values of θ (weighting of g2 in our
bi-objective problem).

g1 :
−∑5

i=1
∑5

j=1 tij ln(tij)+ 4207.2

−3841.5+ 4207.2

g2 :
1

7.294− 6.412
∗
⎡
⎣− 5∑

j=1
[αj ln(αj)+ (1− αj) ln(1− αj)]

−
5∑

i=1
[ρi ln(ρi)+ (1− ρi) ln(1− ρi)]− [η ln(η)+ (1− η) ln(1− η)]− 6.412

]

Note that values of g1 and g2 correspond to compliance percentage levels of each objective (entropy
of trips distribution and fuzzy entropic membership) and represent a discrete subset of the Pareto
frontier.

For values of θ between 0.4 up to 0.6 it is noted that high levels of compliance can be achieved
for both objectives jointly. For example, for θ = 0.6 an 80% compliance is achieved in the two objec-
tives. In this way, the O-D matrix obtained with θ = 0.6, noted as Tθ=0.6

entro could have a high frequency
of occurrence. Note that, unlike the classic multiobjective optimization models (where the decision
maker selects a value of θ to implement the mathematical model), in our research it was relevant to
implement themodelwith different values of θ to obtain the variation of the origin destinationmatrix
due to its dynamic nature.


	1. Introduction
	1.1. Contributions and outline of the paper

	2. Literature review
	2.1. Trip distribution and entropy models
	2.2. Fuzzy logic and entropy models

	3. Fundamentals of the modeling approach
	3.1. Entropy maximization model
	3.2. Fuzzy versions of the entropy maximization problem
	3.3. Entropic membership function

	4. Problem statement and model formulation
	5. Numerical examples
	5.1. First example: the synthetic scenario
	5.2. Second test example: Concepción case

	6. Conclusions
	Acknowledgments
	Funding
	ORCID
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice


