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We investigate an electromagnetic Dirichlet type problem for the 2D quaternionic time-harmonic Maxwell system over a great
generality of fractal closed type curves, which bound Jordan domains in R” The study deals with a novel approach of h-summability
condition for the curves, which would be extremely irregular and deserve to be considered fractals. Our technique of proofs is
based on the intimate relations between solutions of time-harmonic Maxwell system and those of the Dirac equation through some

nonlinear equations, when both cases are reformulated in quaternionic forms.

1. Introduction

A theory of hyperholomorphic functions of two real variables
is the most natural and close generalization of complex
analysis that preserves many of its important features. Some
integral representation type formulas in closed Jordan recti-
fiable curves are proved in [1, 2] and [3, Appendix 4].
Applications in physical problems with elliptic geometries and
potential theory can be found in [4-6].

The Maxwell equations govern the behavior of the elec-
tromagnetic field. Despite the fact that these equations are
more than hundred years old, they still are subject to changes
in content, notation, and frameworks.

The quaternionic analysis gives us a tool of wider applica-
bility for the study of electromagnetic boundary value prob-
lems. In particular, a quaternionic hyperholomorphic
approach to time-harmonic solutions of the Maxwell system
is established in [3, 7-9] and the references given there.

These studies confine attention to Lipschitz domains in
the worst case scenario. For pure and applied mathematical
interest, in [10] some boundary value problems for time-har-
monic electromagnetic fields on the more challenging case of
domains with fractal boundaries are discussed. Results con-
cerning boundary value problems for the time-harmonic

Maxwell system along classical lines can be found in [11]. An
overview of different methods that are useful in the analysis
of the time-harmonic Maxwell equations was given in [12].

The main goal of this work is the study of an electromag-
netic Dirichlet type problem for a domain with fractal bound-
ary in R” For a deeper discussion of some electromagnetic
problems in two dimensions, we refer the reader to [13-16].

Our main motivation for the introduction of quaternionic
analysis in electromagnetics is the difficulty in solving the
Maxwell equations in fractal domains involving boundary
condition on fractal boundaries, which requires the use of very
advanced mathematical techniques.

The outline of the paper is as follows: In Section 2 we pro-
vide an outlook to the basics of quaternionic analysis and
elements of fractals geometry; a new hyperholomorphic Cauchy
type integral for a domain with 4-summable boundary in R*is
described in Section 3, where we also state theoretical results
on integral representation formulas in domains bounded by
such curves. Results on jump boundary value problems across
an h-summable boundaries of domains in R?, as well as certain
Dirichlet type problems for hyperholomorphic solutions of two
dimensional Helmholtz equation are presented and discussed
in Section 4. Finally, Section 5 analyzes some Dirichlet type
problems involving electromagnetism in the form of 2D



quaternionic time-harmonic Maxwell system on a domain with
h-summable boundary in R”.

2. Preliminaries

The noncommutative and associative algebra with zero divi-
sors of the complex quaternions is denoted by H(C). For each
complex quaternion a, one hasa = ¥;_, a,e, where {a,} ¢ C,
e, is the multiplicative unit and {e, |k = 1,2, 3} are standard
quaternionic imaginary units. By definition, the complex
imaginary unit 7 satisfies

ie, =ed, k=0,1,2,3. (1)

Leta=a,+a = Y,_,a.e, where a, =: Sc(a) is called scalar
partand @’ =: Vec(a) is called vector part of the quaternion a.
The module of a coincides with its Euclidean norm: |a| = ||a||R
and the quaternlomc conjugate is defined by a = a, - a. If
Sc(a) = 0then a =@’ is called a purely vector quaternion.

The multiplication of two quaternions a, b can be rewritten
in vector terms:

ab:aobo—?-?+a0?+bo7+7x?, (2)

N L =
where a - b and a’ x b are the scalar and the usual cross
product in R? respectively. We shall frequently write z := (x, )
for a typical point of R,

Let a domain Q c R% we will consider H(C)-valued
functions:

f:Q - H(C). (3)

Properties of continuity, differentiability and integrability of
f have to be understood component-wise. The set of k times
continuously differentiable functions is denoted by
CHO;H(T)), k € NU {0},

Given A € C\{0}, let & € H(C) such that a* = A. This A
generates the (left and right) 2D Helmholtz operator, which
actmg on C* (Q H(C)) are given by A := Ap: + *M and
Ay =Ap + M"  respectively. Here and subsequently,
Ag: = 07 + 02, 0, := 0\0x, and for A € H(C), M*[f] := fA
and M [ f]=Af.

Additionally, the following partial differential operators
will be considered

0:=¢,0, +e,0,;

+0:=¢€0, +e,0,

st

(4)

0, := 0, o M* + 0, o M%;

3, =0, 0 M® +0, 0 M. (5)
It follows easily that,

staz = aszt = -Ape. (6)

Set ,0:=0, + “M; 0, := ,0 + M". Therefore, the Helmholtz
operator can be factorized as follows:

Ay=-0,00_,
Definition 1. A function f € C'(Q,H(C)) is
hyperholomorphic if it satisfies 9, [ f] = 0 on Q.

= —a_a o a“. (7)
called
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N
If we write f =Y, fie, = f, + f » then we obtain by
straightforward calculation

O[f] = —divf +grad f, + rotf . 8)

From [17],if A = o’ € C, a fundamental solution 0,0fA,is
given by

(—1)51H55>(a|z|), if a#0,
0,(2) = 4 9)

—log|z|, if «=0,
2ﬂ0g|| !

s-—{l’
=12

and H" is the Hankel function of the kind s and of order
n € {0, 1,2} (see [18]).

If « #0, Im(ax) = 0 the functions —(1/4)H(1)(oc|z|) and
(i/4)H, ) («|z|) are fundamental solutions of the Helmholtz
operator A ..

By (7), ‘the fundamental solution of the operator d,, i.e.,
the quaternionic Cauchy kernel, is defined as

where
if Im(ax)>O0ora >0,
if Im(x)<Oora<0, (10)

Kya(2) = —0_,0,(z), zeR*\{0}. (11)
Hence
(—1)S%<Hl(s)(oc|z|)i + Hés)(oc|z|)), if o # 0,
Kst,oc(z) = 2 |z]
SV lfa = 0.
271|z|
(12)

Remark 2.1. In what follows we suppose that o = o, € C.

Let us now take a quick look at the notion of majorant,
with the purpose of considering the generalized Holder spaces,
see [19, 20]. Let ¢ be a continuous increasing function on
[0, 00) such that ¢(0) = 0 and ¢(t)/t is nonincreasing. One
such function ¢ said to be a majorant. Note that ¢(t) = t,
0 < v < 1, are majorants.

In what follows ¢ will denote a positive constant, not
necessarily the same at different occurrences.

Suppose E ¢ R*be a bounded set. The generalized Holder
space, denoted by C**(E, HI(C)), is defined to be the family of
all H(C)-valued functions f on E such that

£ = F )l < egllx = 1),
where ¢ is a given majorant. For ¢(t) = t",0 < v < 1, we write
C(E, H(C)) instead of C**(E, H(C)).

We recall that a nonnegative and almost increasing (or
almost decreasing) function ¢ means that there exists ¢ > 1
such that ¢(x) < cd(y) for all x < y (y < x), respectively.

Following [21, Definition 1.1], we say that a majorant ¢
has order v, if there exists a v, (0 <y < 1) and a positive real
number ¢, such that

Vg = sup{v

= inf{v

x,y €L, (13)

0<t<%}
(14)

0<t<%}
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This guarantees that ¢'t" < ¢(t) < ct*,0 <t < t,,

If a majorant ¢ has order v, then welet¢p = ¢, and we will
use the symbol C"(E, H(C)) instead C**(E, H(C)).

The Whitney extension theorem (see [22]) in the quater-
nionic analysis context is stated as follows.

Theorem 1. Suppose E C R* be a compact set and let
f € C"*(E,H(C)). There exists a compactly supported
function f such that

W fl,=5

(i) feC®(R\E);

(iii) |,0] f](x. )| < clo,(dist(z, E))/(dist(z, E))), z =
(x,y) € R*\E.

The function f is called a Whitney type extension of f. With
the notation dist(A, B) we stand for the distance between the
subsets A and B of R’.

2.1. Elements of Fractal Geometry. Leth : (0,00) — (0,00)be
a gauge function, i.e., a continuous and nondecreasing interval
function with lim, ,,h(t) =0

In [23] a variation of the geometric concept of
d-summability, which is due to Harrison and Norton in [24]
is introduced.

Definition 2 [23, Definition 1]. Let h be a gauge function.
The set E is called h-summable if there exists § > 0 such that

J N (t)ﬁdt < +00, (15)

where Ng () stands for the least number of open balls of radius
tneeded to cover E. When h(t) = t*withd € (1, 2), we recover
the d-summability of E.

Definition 2 is unchanged if N (t) with 27 < t < 2
replaced by the number of k-squares intersecting E. By a k
-square we mean one of the form

k+1

(1275 (1, + 1)27%] x [L,27, (1, + 1)27], (16)

where k, [, 1, are integers.
We follow [22] considering the Whitney decomposition

of Q
Q= ka w-JUe=Ue (17)

k=1 QGW QeW

The squares Q in W have disjoint interiors and satisfy

dist(z,T) > %lQl =27 zeQQe W~ (18)

Here and subsequently, |E| stands for the diameter of a
bounded set E ¢ R”,

3. Hyperholomorphic Cauchy Type Integral for
Fractal Curves

The Cauchy type integral associated to quaternionic analysis
has been involved recently with fractional metric dimensions

and fractals, see [9, 10, 25]. In this section, we define and
characterize the hyperholomorphic Cauchy type integral on
fractal type curves. Before giving the definition, we will state
some preliminary results.

Let L (O, H(C)), p> 1, the set of p-integrable functions,
the Teodorescu transform T, [f] for f e L (QH(C)), is
given by
T, [fl(x,y) = J Ko (x =ty =v) fu,v)dundv, (x,y)e€ R%.
’ (19)
Looking at the kernel function /C
in the following way

s, (¢) we can decompose it

]Cst,oc0 (Z) stO(Z) + ICstoc (Z) + ICst(x (Z)’ (20)

where K

st,o,

h (2) := (ery/(27)) In|z|and the continuous function
Kio(2) = 0.

Remark 3.1. It is to be expected that T|, shares many of the

properties of T,. For example, T, [f] € o 2)/"(Rz ]HI((C))
if feL, (&, H((C)) for p > 2, by analogy with [7, Subsection
8.1].

In what follows, given ¢ a majorant and d € (1, 2), we will
take Q ¢ R?to be a Jordan domain with h-summable bound-
aryT, for h(t) = t* ¢ (t) and t € (0,|T|].

Definition 3. We define the hyperholomorphic Cauchy type

integral of f € C*# (T, H(C)) by the formula
K [f1(59) = o f(x,9) = Ty, 20, [ F](x. ), (x,y) € R\,

21)

where x|, is the indicator function of Q).

The following proposition makes Definition 3

legitimate.

Proposition 1. The integral (21) is independent of the choice

of f.

Proof. By  definition, 9, [f] :sta[f] + M [ﬂ As

feC*(QUT,H(C)) we have M*™[f]eL,(Q,H(C))

for any p > 0. The proof is completed by showmg that
<0 f] € L, (Q, H(C)).

J,

We have
St(’)[f](x,y)'dx/\dy= Y J Sta[ﬂ(x,y)|vdx/\dySc
Qew - Q

j @, (dist(z,T))
q dist(z,T)

. dx Ady,
QeW
(22)

which is a consequence of Theorem 1 (iii).
According to (18) and taking account that ¢, (¢)/t does not
increase, we have

@, (dist(z,T)) -
dist(z,T)

0.(dist@QT) _ ¢.(1QN
Gt S Q0 2 (w3



The inequality (23) and the fact thatd — 1 < 1, gives

Z J‘ o, (dist(z, r))dx/\dyS z J ¢V(|Q|)dx/\dy

gaviae dist(z,T) ogvlae 1Ql
= > 1Qle,(1Ql
QeW
< QI e, (1QD.
QeW
(24)
Consequently
J (O F](x y)|dx ndy <c Y 1Q1" p,(1QD, (25)
QeW

where the last sum is finite due to [23, Lemma 1].
Now suppose that f and g are two different Whitney type

extensions of f. Then I := f — g, is a Whitney type extension
of the null function and hence 7|, = 0. It remains to prove that

Xal(%,y) =T, 20, [I](x,3) =0, (x,y) e R\, (26)

To this end, let us consider the following connected domains
Q= {z €Q|QeW, for some j < k}. (27)

The boundary of (), denoted by I}, consists of sides of some
squares Q € 2%
Thus, we have

J let,ocu (X —u,y - V)a¢X [T] (M, V)du Adv
Q 0

= lim J Koo, (x =1,y =v)o, m(u, v)du Adv.

k—00

(28)

Now, take z € O and choose k, sufﬁaently large such that
z € O, and for k > ky, dist(z,T,) > |Q,|/2 V2, where Q, is a
square ‘of Wh. The quaternionic Borel Pompeiu formula, see
[4, Theorem 4.1, Theorem 4.4], applied to Q, yields

T(x,y)+J' K, (x =ty = )3, [1] (, v)dus A dv

- (29)
= J Koo, (x = 1t y = V) (u, v)I(, v) dT, ),
I

k
where 7, (u,v) is the unit normal vector on I} and d[,,
denotes the surface measure. Next, let w:= (u+1iv) € I},
QeW' a square containing w, and z €T such that
|w — z| = dist(w,T). Since | = 0, it follows that

[[w)| = [lw) - 1(2)| < co,(Iw - 2l) < cp,(1QD.  (30)

If Y is a side of I, and Q € W* is the k-square containing %, we
have for k > k,

| Koy =il
2 Gy
l > dr >
< ) Jw M < iQe0an
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Because each side of T}, belongs to some Q € W, we have for
k >k,

J ICM0 (x—u,y—v)n(u, Wi, v) ar,.,
T,

> IQle,(Ql

Qew*

(32)
> e, QD).

Qew*

< ) <
IQol IQol

The conclusion of [23, Lemma 1], implies that

lim J Kopa, (x =ty y = v)m (1, )I(w, v)dT,,, ) = 0. (33)

k—oo Jr

Combining (28) with (29) yields (26) for w € Q. The case
w € R*\{Q U I'}can be handled in the same way; the difference
is in the fact that now dist(w, I}.) > dist(w, ). O

In the rest of this paper we assume Q, :=Q and
Q =R\{Q, uT}.

3.1. Integral Representation Formulae. The following formulas
represent extensions to those given in [25] for the case of a
Jordan domain with a d-summable boundary.

Theorem 2 (Borel-Pompeiu
f e C'(Q, UT,H(C)), then

() K1)+ T 20, [f1( ) = {J 070 (o2 €6
(i) 0, T, [fl(xy)=flxy), (x.y)eQ,
hold.

formula). Suppose

Let us mention two important consequences of Theorem 2.

Theorem 3 (Koppelman formula). Let fsatisfy the hypotheses
of above theorem, then the following equality holds

Ko (1 y) + Ty, 2 9, [ 102, y) + 0y, o T, [f](5, %)

_ {Zf(x,y% (x,y) e, (34)
“lo, (x,y) e Q..

Theorem 4 (Cauchy formula). Let f € C'(Q, UT,H(C))
such that be hyperholomorphic in Q, then

K: [f1(x.y) = {(xy) (x,y) € Q,

(x,y) e Q.. (35)

Let us now establish and prove the following auxiliary
lemma.

Lemmal. Let f € C**(I,H(C)), thend, [ f] € L,(Q,, H(C))
for all
3-v,—-d

l—v(p

p< (36)

Proof. The proof will be divided into two steps. First
M* [ﬂ € L,(Q,,H(C)) for any p > 0, which follows from
the fact that f e C**(Q, UT, H(C)) with Q, bounded.
The next step is to prove that Sta[ﬂ € L,(Q,,H(C)) for

p< (3 -V, - d)/(l - V‘p)' Indeed, application of Theorem 1
(iii) enables us to write
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J,

Ol f (6 y)Pdx ndy =
AT asnay= ¥ [

¢, (dist(z,1))1°
< CQEZ):/V JQ [ —dist(z, B ] dx Ndy.
(37)

According to (18) and taking account that ¢, (t)/t does not
increase, we have

@, (dist(z,T)) - @, (dist(Q,T)) -

Sta[ﬂ(x, y)|de Ady

¢, (1QI)

dist(z,T) distQT) —  1Q z€Q  (38)
Consequently
¢, (dist(z, F))]p [(pV(IQI)]"
D2 2 dx Ady < dxAd
QZW” distz) | " y<Q€ZWJQ Q| Y
= Y PhQNIQr T < ¢ Y 1M IQP,
QeW QeW

(39)

which is due to the fact that ¢, is a majorant of order v,

The inequality p < (3 -V, - d)/(l - v(P) implies that
d <v,(p—1)+3~ p, which provides

Y Qe < 3, (40)
QeW QeW
Therefore
2 1P < Y QTR < e Y IR e (IQD- (4,
QeW QeW QeW
Combining the inequalities (37), (39), and (41) we can con-

clude that
O F]Coy)fPdx ndy < 3 1Q19,(1QD < +oo. (4

‘[ QeW

It remains to use thatd, [ﬂ = Sta[f] + M*® [ﬂ a

Remark 3.2. Obv1ously, K, [f] is a hyperholomorphic
function in R*\I, which is clear from Theorem 2 (ii). The
question of whether K Lf | admits continuous extensions
(to be denoted by [K ] [f]) to Q, UT will be answered
aﬂirmatlvely in the next theorem. We see at once that

(K2 ] [f](c0) =

Theorem 5. Letd — 1 < v, and consider f € C™(T, H(C)),
then K, [ f] admits continuous extensions to Q, U T such that

[K;Ur[f]( y) = f(xy)-T, 0, [f](xy), (x,y) €T,

(43)

(K2 ] [£1(ey) = =T, 20, [F](x. ),
belong to C*¥#(T', H(C)), whenever

(x.y) €T (44)

l1+v,-d

Py < 3—v¢—d'

(45)

Proof. We have 2 < (3 -V, - d)/(l - v(p),becaused -1<v,
Thus we are at liberty to choose p such that

3—v(p—d

-,
For any such p, we conclude that 9, [f] € L,(Q,,H(C)) (see
Lemma 1). From Remark 3.1 it follows that the integral term
in (21), represents a continuous function in R” By the above,
K, [ f]admits a continuous extension to ), UT. The inequal-
ity (45) implies that v,and (p - 2)/pare both greater than j3,
and consequently [K ] [ f] belongs to C*¥#(T, H(C)). The

rest of the proof runs as before. O

2<p< (46)

The following direct corollary is a refinement of [25,
Theorem 6] (also see [26]). We check at once that requirement
on d and v has been weakened.

Corollary 1. Let d — 1 < v and consider f € C**(I, H(C)),
then K. [ f] admits continuous extensions to Q, U T such that
its boundary values

(Ko [£1(xy) = flxp) -

(x,y) €T,
(47)

29, [ f](x ),

(K] [l y) =T, 20, [F](xy), (xy) €T 8)
belong to C™ (T, H(CT)), whenever < (1+v—d)/(3—-v—d).

4. Boundary Value Problems

We deal with three boundary value problems for hyperholo-
morphic solutions of the two dimensional Helmholtz equation
in a fractal domain of R’.

Theorem 6. Let f € C*% (T, H(C)) withd — 1 < V,, then the
jump problem

f=f-f (49)

has a solution explicitly given by

=K. (50)

where the hyperholomorphic components f* € C*+(Q,, H(C))
whenever Y, is a majorant with order 8, < (1 +v, = d)/

(3 -V, - d), and moreover f~(00) = 0.

Proof. It is sufficient to use Theorem 5. O

Theorem 7. Suppose that G € C** (T, H(C))withd — 1 < Vo
If there exists f € C**(Q, U T, H(C))such that

inQ)
onF

II—.
._.
4

(51)

-~



then

[K;] [GI(x, y) =0,

On the contrary, if (52) holds, there exists a solution
f e C™(Q, UT,H(C)) of (51), whenever Y is a majorant
with order 3, < (1 +v, - d)/(3 -V, - d).

(x,y) €T. (52)

Proof. Assume (51) holds, which signifies that f is a
Whitney type extension of G. Application of Theorem 4 gives
f=K,[fl.butK; [f] =K [Glas f =GinT.

Now (52) follows after passage to the limit from inside Q.
On the other hand, if (52) holds, our claim follows directly by
taking f = K [G]. Analysis similar to that in the proof of
Theorem 5 shows that f e C*¥(Q, UT,H(C)). ]

Theorem 8. Let G € C**(I,H(C)) with d—1< v, and

FeL,(Q,H(QO)(p >2) If there ® exists
fe C0 ?(Q, UT,H(C)) a solution of
O, [f] = F inQ, (53)
f=G, onT
then
(K2, ] [Gl(x. y) = ~T, [FI(x. ), (x.y) €T.  (54)
Conversely, if (54) holds, there exists a solution

f e C™(Q, UT,H(C)) of (53), whenever Vg is a majorant
with order

l+v, —d p-2

ﬁ"’<mm{3—v¢—d’ 7

Proof. Take g = f —T, [F] and let f be a solution of (53).
By Theorem 2 (ii), we have that g is a solution of (51) with
G replaced by G — [ [F]]Ir € C™#(I', H(C)). The equality.

(K. ] [G-T, [F]](xy) =0, (x,y) €L, (56)

which is clear from Theorem 7 applied to this case, implies
(54). Taking f = K:O [G] + T% [F], the second assertion follows
directly.

Under the assumptions of Theorem 8 we have that the
function f =K [G] +T, [ ] does not depend on the G.
Consequently, the followmg equahty holds

f(x%y) =Glxy) - T, 20, [G](x, y)
+T, [Fl(xy), (xy)€Q,.

Remark 4.1. For a vector-valued function f in Theorem 8,
(57) clearly forces G and F to satisfy

(57)

Se(T,, 20, [G](x. %)) = Se(T, [FI(x. ). (58)
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5. Main Results

Between 1861 and 1862, J. C. Maxwell published the funda-
mental papers ‘A treatise on electricity and magnetism” and ‘A
Dynamical Theory of the Electromagnetic Field”, where the
behavior of electromagnetic fields was described and com-
pletely formulated the system of partial differential equations,
named after him, which form the foundation of classical elec-
tromagnetism, radio-electronics, wave propagation theory,
and many other branches of physics and engineering. Since
this time, the fact that solutions of the Maxwell system (for
time-harmonic fields) can be related to solutions of the Dirac
equation, through some nonlinear equations. This has fasci-
nated several generations of physicists and mathematicians in
various branches of science, because of their general, even
philosophical significance, see for instance [3, 5, 8-10]. To the
best of the author’s knowledge, this deep relation was properly
formulated and documented originally in [27].

We shall focus attention on time-harmonic electromag-
netic fields, where all fields vary sinusoidally in time with a
single frequency of oscillations w, i.e., with the dependence
on the time as e ",

— - —
rotH = —iweE + j,
e -
rot E = iwuH,
aE - L, (59)
£
divH = 0.

Here and subsequently, F and H denote the complex ampli-
tudes of the electric respectively magnetic field and € and p
are, respectively, the complex-valued absolute permittivity and
permeability of the medium. The current density and the
charge density are related by the equality div j = iwp.

In recent decades, interest in the time-harmonic Maxwell
system has never dropped. Works noted in [8, 28-35] are some
examples of theses achievements in literature.

The current research is oriented towards a quaternionic
reformulation of the Maxwell system (59), which is adapted from
[8], and given a more simply algebraical structure in the form

2. [7]

a% [ﬁ)] = —div7 + cx07,

— —
=divj +a,j
(60)

— B -5 . > —

where 9 = —iweE + aH, § = iweE + o jH are purely vecto-
rial H(C)-valued functions and the wave number &) = w /e
is chosen such that Im &, > 0.

This equivalence is the key to obtaining in this section our
main results concerning the solvability of an inhomogeneous
Dirichlet type problem for 2D quaternionic time-harmonic
Maxwell system.

Theorem9, Let p and | j belongto L (Q, H((C)) with p > 2.
Lete and h becomplexvector—valued unctionsinC™% (I, H(C))
Ifthere exists E and H, both in C*%(Q, UT, H(C)), satisfying
in Q, the system (59) such that onT.
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= —
E|l =¢,
H | _—
r bl
then we have
T, ° 0, [—iws? + 0407] =T, [div? + 0407)] |r’ (62)
T

Sc(TﬂO °0_, [—iws? + (xog]> = Sc(Tf% [div 7 + 0407]) in Q,
(63)

and

T, 0, [ia)s?>~ + (xoﬁ]

%

nfaTesT] e

Sc<T% °0, [iwsg) + cxoﬁ]) = SC(T% [—div? + ocOT ) in Q,.

(65)
Conversely, if (62)-(65) are valid, then
- 1
E=2 —.—{iws(Ta 00, +T_, °0_, )
zlws 0 0 0 0

: [?] +ay(T, 00, —T, 20, )

7] s ser 07

(66)
and
7] =_’—i{iwe(Ta 08, ~T, 20.,)
2“0 0 0 0 0
- [?] (T 00, +T, 20, ) Z’] (67)

(T, T )[div 7| + (T, + T )[7 ] }

are solutions of the system (59) and the boundary conditions
(61) are satisfied. Moreover, E’ and ﬁ belong  to
C™5(Q, UT, H(C)) if y, is a majorant with order

1+V¢—d p_z}

> - 68
3-v,-d p (68)

'B\// < min{
— - —
Proof. As a first step, we put 9 = —iweE +«H and
7 =iweE + aH. Moreover, the conditions (61) now read.

—

9

. > '
= —iwee’ +ayh,

r - (69)
W|r = iwee +ayh .

Next, Theorem 8 applied to 9 and 7, together with the
equality

[K2] [£1Gey) = =T, 20, [ F](x ), (70)

implies the conditions (62) and (64). Additionally, the vecto-
rial nature of the complex amplitudes and Remark 4.1 yield
(63) and (65). If we use the identities

1
F-(7.7) o
a trivial verification completes the proof.

6. Conclusions

This paper established a new hyperholomorphic Cauchy type
integral for a domain with fractal boundary in R? which plays
a remarkable role in the theoretical results on integral rep-
resentation formulas. Three boundary value problems for
hyperholomorphic solutions of a two dimensional Helmholtz
equation in a fractal domain of R* are studied. They have
proven successful in the solution of an inhomogeneous
Dirichlet type problem for a 2D quaternionic time-harmonic
Maxwell system in a domain with fractal boundary in R,

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Authors’ Contributions

All authors contributed equally to this work. All authors read
and approved the final manuscript.

Acknowledgments

Yudier Pefia-Pérez gratefully acknowledges the financial sup-
port of the Postgraduate Study Fellowship of the Consejo
Nacional de Ciencia y Tecnologia (CONACYT) (Grant
number 744134). Juan Bory-Reyes was partially supported
by Instituto Politécnico Nacional in the framework of SIP
programs (SIP20195662).

References

[1] O.E Gerus and M. Shapiro, “On a cauchy-type integral related
to the Helmholtz operator in the plane,” Boletin de la Sociedad
Matemdtica Mexicana, vol. 10, no. 1, pp. 63-82, 2004.

[2] O.E Gerus, V. N. Kutrunov, and M. Shapiro, “On the spectra
of some integral operators related to the potential theory in the
plane,” Mathematical Methods in the Applied Science, vol. 33,
no. 14, pp. 1685-1691, 2010.

[3] V. V. Kravchenko and M. Shapiro, Integral Representations for
Spatial Models of Mathematical Physics, vol. 351 of Research
Notes in Mathematics, Pitman Advanced Publishing Program,
London, 1st edition, 1996.



(4]

(5]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

M. Shapiro, L. M. Tovar, E. Ramirez de Arellano, N. Salinas,
M. V. Shapiro, and N. L. Vasilevski, “On a class of integral
representations related to the two-dimensional Helmholtz
operator,” Operator Theory for Complex and Hypercomplex Analysis,
vol. 212, Contemporary Mathematics - American Mathematical
Society, Providence, RI, pp. 229-244, 1998, Proceedings of a
Conference, Mexico City, Mexico, December 12-17, 1994.

R. Abreu-Blaya, J. Bory-Reyes, R. Avila-Avila, and
R. M. Rodriguez-Dagnino, “2D quaternionic time-harmonic
maxwell system in elliptic coordinates,” Advances in Applied
Clifford Algebras, vol. 25, no. 2, pp. 255-270, 2015.

M. E. Luna-Elizarrards, M. A. Pérez-de la Rosa,
R. M. Rodriguez-Dagnino, and M. Shapiro, “On quaternionic
analysis for the Schrodinger operator with a particular potential
and its relation with the mathieu functions,” Mathematical
Methods in the Applied Science, vol. 36, no. 9, pp. 1080-1094, 2013.

K. Girlebeck, K. Habetha, and W. Sprossig, Holomorphic
Functions in the Plane and n-Dimensional Space, Birkhauser
Verlag, Basel, 2008.

V. V. Kravchenko, Applied Quaternionic Analysis, Heldermann,
Verlag, Berlin, 2003.

M. Mitrea, “Boundary value problems for Dirac operators and
Maxwell's equations in non-smooth domains,” Mathematical
Methods in the Applied Sciences, vol. 25, no. 16-18, pp. 1355-
1369, 2002.

R. Abreu-Blaya, R. Avila-Avila, and J. Bory-Reyes, “Boundary
value problems for Dirac operators and Maxwell’'s equations in
fractal domains,” Mathematical Methods in the Applied Sciences,
vol. 38, no. 3, pp- 393-402, 2015.

C. Miiller, “Randwertprobleme der theorie elektromagnetischer
schwingungen,” Mathematische Zeitschrift, vol. 56, no. 3,
pp. 261-270, 1952.

A. Kirsch and F. Hettlich, The Mathematical Theory of Time-
harmonic Maxwell's Equations. Expansion-, Integral-, and
Variational methods Applied Mathematical Sciences, vol. 190,
Springer, Cham, 2015.

H. Ammari, G. Bao, and A. W. Wood, “An integral equation
method for the electromagnetic scattering from cavities,”
Mathematical Methods in the Applied Science, vol. 23, no. 12,
pp. 1057-1072, 2000.

D. Li and J. E Mao, “A koch-like sided fractal bow-tie dipole
antenna,” IEEE Transactions on Antennas and Propagation,
vol. 60, no. 5, pp. 2242-2251, 2012.

R. Magnanini and E Santosa, “Wave propagation in a 2-D
optical waveguide,” SIAM Journal on Applied Mathematics,
vol. 61, no. 4, pp. 1237-1252, 2000/01.

A. Wood, “Analysis of electromagnetic scattering from an
overfilled cavity in the ground plane;” Journal of Computational
Physics, vol. 215, no. 2, pp. 630-641, 2006.

V. S. Vladimirov, Equations of Mathematical Physics, Nauka,
Moscow, 1984, (in Russian; Engl. transl. of the first edition:
N. Y.: Marcel Dekker), Moscow, 1971.

G. N. Watson, A Treatise on the Theory of Bessel Functions,
Cambridge University Press, Cambridge, 2nd edition, 1995.
N. K. Bari and S. B. Stechkin, “Best approximations and
differential properties of two conjugate functions (in Russian),”
Proceedings of Moscow Mathematical Society, vol. 5, pp. 483-
522, 1956.

A.1. Guseinov and H. S. Mukhtarov, Introduction to the Theory
of Nonlinear Singular Integral Equations, Nauka, Moscow, 1980.

[21]

Advances in Mathematical Physics

A. Heungju, R. C. Hong, and D. P. Jong, “Hélder type estimates
for the o-equations in strongly pseudoconvex domains,’
Rendiconti del Seminario Matematico della Universita di Padova,
vol. 120, pp. 127-138, 2008.

E. M. Stein, Singular Integrals and Differentiability Properties of
Functions, Priceton Univ Press, Priceton, NJ, 1970.

R. Abreu-Blaya, J. Bory-Reyes, T. Moreno-Garcia, and
Y. Pefia-Pérez, “Analytic Riemann boundary value problem
on h-summable closed curves,” Applied Mathematics and
Computation, vol. 227, pp. 593-600, 2014.

J. Harrison and A. Norton, “The Gauss Green theorem for
fractal boundaries,” Duke Mathematical Journal, vol. 67, no. 3,
pp. 575-588, 1992.

R. Abreu-Blaya, J. Bory-Reyes, and R. M. Rodriguez-Dagnino,
“Boundary value problems for hyperholomorphic solutions
of two dimensional Helmholtz equation in a fractal domain,”
Applied Mathematics and Computation, vol. 261, pp. 183-191,
2015.

Y. Guseynov, “Integrable boundaries and fractals for Holder
classes; the Gauss Green theorem,” Calculus of Variations and
Partial Differential Equations, vol. 55, no. 103, 2016.

M. S. S. Neerson, “On Mo i sil monogenic functions,” (Russian)
Matematicheskii Sbornik (N.S.), vol. 44, no. 86, pp. 113-122,
1958.

D. Colton and R. Kress, Integral Equations Methods in Scattering
Theory, John Wiley and Sons, N.Y, 1983.

D. Colton and R. Kress, Inverse Acoustic and Electromagnetic
Scattering Theory, Springer, Berlin, 1992.

N. Kaikun, H. Zhixiang, L. Minquan, and W. Xianliang,
“Optimization of the artificially anisotropic parameters in
wes-fdtd method for reducing numerical dispersion,” IEEE
Transactions on Antennas and Propagation, vol. 65, no. 12,
pp. 7389-7394, 2017.

N. Kaikun, H. Zhixiang, R. Xingang, L. Minquan, W. Bo, and
W. Xianliang, “An optimized 3-D HIE-FDTD method with
reduced numerical dispersion,” IEEE Transactions on Antennas
and Propagation, vol. 66, no. 11, pp. 6435-6440, 2018.

L. Yuan and O. Hu, “Comparisons of three kinds of plane
wave methods for the Helmholtz equation and time-harmonic
Maxwell equations with complex wave numbers,” Journal of
Computational and Applied Mathematics, vol. 344, pp. 323-345,
2018.

O. Hu and L. Yuan, “A plane wave method combined with local
spectral elements for nonhomogeneous Helmholtz equation and
time-harmonic Maxwell equations,” Advances in Computational
Mathematics, vol. 44, no. 1, pp. 245-275, 2018.

J. Mederski, “Nonlinear time-harmonic Maxwell equations
in a bounded domain: lack of compactness,” Science China
Mathematics, vol. 61, no. 11, pp. 1963-1970, 2018.

T. Bartsch and J. Mederski, “Nonlinear time-harmonic Maxwell

equations in domains,” Journal of Fixed Point Theory and
Applications, vol. 19, no. 1, pp. 959-986, 2017.



