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The graphene is a substance with carbon atoms arranged in a honeycomb lattice.
The dynamics of the electrons in the structure is governed by the Hamilton
equations of the system in the form of its associated spectral problem: HΨ = λΨ,
with the additional condition that the eigenfunction Ψ must satisfy the so-called
Kirchhoff’s conditions. In this paper, we study a class of solutions (λ,Ψ) that,
in addition to meeting these conditions, are periodic in one of the two main
directions of the lattice, and satisfy a pseudo-periodicity type like condition in
the other direction. Our main results lead to an adequate characterization of the
dispersion relationships of the honeycomb lattice, providing a precise description
of the regions of stability and instability of the eigenfunctions in terms of λ.
As a consequence, a tool is thus obtained for a better understanding of the
propagation properties and the behavior of the wave function of electrons in a
hexagonal lattice, a key issue in graphene-based technologies.
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1. INTRODUCTION

Graphene is a novel material with carbon atoms arranged in a honeycomb
lattice. The atomic composition of graphene corresponds to carbon atoms dis-
tributed over a single layer one atom thick. The superposition of several layers
of graphene make up what is called the graphite material. Thus, graphene is
an inherently two-dimensional material. In the past few years it has caught
the attention of the scientific community for its peculiar electronic and me-
chanical properties and broad range of applications [2, 5, 10, 15, 16, 25]. To be
able to predict and improve the understanding of these properties, mathemat-
ical models are not only useful but necessary. This has been approached from
different scientific fields such as quantum networks (e.g., [4, 17, 18, 20])), also
called quantum graphs, in chemistry [23,24] and physics [2, 5, 10,21,22].
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The dynamics of the electrons in the lattice can be captured by solving
the Hamilton equations of the system as a spectral problem HΨ = λΨ, with
the extra condition that the eigenfunction Ψ must be a feasible solution in
the sense that it satisfies the so-called Kirchhoff’s conditions (see (13), (14) in
Section 1.1.2). Although a full characterization of the set of feasible solutions
stands as an open mathematical challenge, this paper partially addresses this
question through the study of a class of feasible solutions (λ,Ψ), which are
periodic in one of the two main directions of the honeycomb lattice (see (28)),
while satisfying a pseudo-periodicity condition in the other one (see (27)). This
latter condition, which depends on a complex parameter ρ, is central when
classifying solutions as stable (or bounded) and unstable (or unbounded), as
previously done in [3] for a one-dimensional system in R, and later generalized
to R2 in [8, 9].

Our main result (Theorem 4) shows that for every λ ∈ R there exists
ρ ∈ C, and feasible periodic solutions ofHΨ = λΨ, which also meet the pseudo-
periodicity condition for ρ. For each fixed λ, this theorem also makes explicit
the corresponding values of ρ through the so-called dispersion relationships;
Table 1 summarizes these relations in terms of λ, which are obtained from the
solution of the energy eigenvalue problem given by the lattice Hamiltonian. As
a corollary of the information contained herein, a detailed analysis follows on
the behavior of the eigenfunctions in terms of λ, which precise those values of
λ giving rise to bounded or unbounded eigenfunctions in the vertical direction,
and those that generate both types of solutions. A proper characterization
of the dispersion relations of the honeycomb lattice is of particular interest
for exploiting graphene electronic properties. More precisely, our systematic
study of such stability and instability regions provides a tool to understand
the propagation properties and behavior of the electrons wave-function in a
hexagonal lattice, a key question in graphene-based technologies.

To conclude, let us mention some relationships between this paper and
the vast existing physical-mathematical literature on differential operators in
infinite graphs. Using techniques similar to those used here, electromagnetic
waves that propagate through a periodic honeycomb lattice are studied in [1].
Our eigenfunction stability results generalize those obtained using the quan-
tum graph model introduced in [19], and recently studied by different au-
thors [6, 7, 13, 26], which is based on the one-dimensional techniques of Flo-
quet’s theory on periodic solutions [14]. An analysis that could shed new light
on all these interesting theoretical and applied questions would be to carry out
a comparative study with the alternative approach introduced in [12].

The paper is organized in the following manner. As part of this Intro-
duction, in Section 1.1 we summarize some previous results on this topic and
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establish basic notations. Then Section 1.2 is devoted to presenting new results,
in particular, a new class of solutions for our spectral problem HΨ = λΨ, and
its splitting into stable and unstable solutions. We conclude with Section 2,
where these results are proved.

1.1. Survey of the previous results

The mathematical definition of the problem has been set in previous
works [9]. However, here we summarize theorems and definitions necessaries
to present our current results.

1.1.1. Floquet theory

Let us consider the Hill’s equation defined in [11] as

(1) −Ψ′′(x) + V (x)Ψ(x) = λΨ(x).

Here, V is real L2(0, 1) function, which is assumed to also be piecewise-continuous
and 1-periodic. We know that equation (1) has a basis of two linearly inde-
pendent solutions ϕ1(·;λ) and ϕ2(·;λ), functions of the parameter λ, defined
by:

(2)

{
−ϕ′′1(x;λ) + V (x)ϕ1(x;λ) = λϕ1(x;λ)

ϕ1(0;λ) = 1, ϕ′1(0;λ) = 0

and

(3)

{
−ϕ′′2(x;λ) + V (x)ϕ2(x;λ) = λϕ2(x;λ)

ϕ2(0;λ) = 0, ϕ′2(0;λ) = 1.

It is clear that any solution Ψ of (1) can be written as a linear combination:

(4) Ψ(x) = Ψ(0)ϕ1(x;λ) + Ψ′(0)ϕ2(x;λ).

To simplify matters, in what follows we will restrict our analysis to sym-
metric potentials in the sense that we will assume that V satisfies the relation

V (1− x) = V (x) for a.e. x ∈ [0, 1].

For such kind of potentials, it is straightforward proved that

(5) ϕ′2(1;λ) = ϕ1(1;λ).
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Fig. 1 – Vertices vj
i and profiles Lj representing the graphene G.

1.1.2. The graphene

The graphene is a substance made of pure carbon, where the atoms follow
a regular hexagon pattern. This atoms are mathematically described by a set
of vertices V ⊆ R2 as Figure 1 shows.

More precisely, denoting the canonical vectors

(6) e1 = (1, 0) y e2 = (0, 1) ,

the set of vertices V is defined by

(7) V =
{
vji : i, j ∈ Z

}
,

where

vji =


3i
4 e1 + j

√
3e2 if i = 4m, m ∈ Z, j ∈ Z

3i+1
4 e1 + j

√
3e2 if i = 4m+ 1, m ∈ Z, j ∈ Z

3i
4 e1 + (j + 1

2)
√

3e2 if i = 4m+ 2, m ∈ Z, j ∈ Z
3i+1

4 e1 + (j + 1
2)
√

3e2 if i = 4m+ 3, m ∈ Z, j ∈ Z

(8)

As Figures 1 and 2 show, these vertices are connected by a set of edges
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Fig. 2 – Edges [vj
i ,v

j
i+1] connecting the vertices of the same profile Lj and

edges which connect adjacent profiles.

A defined by

A =
{

[vji ,v
j
i+1] : i, j ∈ Z

}⋃{
[vj4m,v

j−1
4m−1], [vj4m+1,v

j−1
4m+2],

[vj4m+2,v
j+1
4m+1], [vj4m+3,v

j+1
4(m+1)] : m, j ∈ Z

}
.

(9)

These set of edges and vertices constitute an hexagonal grid. Using this
notation, the structure of the graphene is represented by a non-oriented graph
G determined by the set of vertices and edges previously defined, i.e.,

G = (V,A).

We notice that each edge of the graphene is bijective to the segment
[0, 1] ⊆ R. In fact, in order to visualize this bijection, we consider the param-
eterization σ, oriented from v to w, defined by:

(10)
σ : [0, 1]× R2 × R2 → R2

(t;v,w) 7→ σ(t;v,w) = v + t(w − v).

Thus, each edge [v1,v2] ∈ A can be written as σ([0, 1];v1,v2). The inverse
function is such that

(11) x ∈ [v1,v2] 7→ σ−1(x;v1,v2) =
‖ x− v1 ‖
‖ v2 − v1 ‖

.

Using (10), whose inverse is (11), for each edge [v1,v2] ∈ A we can define
the space L2(v1,v2) as follows:

L2(v1,v2) =
{

Ψ[v1,v2] := Ψ̃ ◦ σ−1(·;v1,v2) : Ψ̃ ∈ L2(0, 1)
}
,
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endowed with the norm ‖Ψ[v1,v2]‖L2(v1,v2) = ‖Ψ̃‖L2(0,1). Then, we can define
W(A) as:

(12) W(A) =
{

(Ψa)a∈A ∈
⊗
a∈A

L2(a)
}
.

This space can be also called W(G); it is an infinite dimensional linear space.
Similarly, for each edge [v1,v2] ∈ A we can define the Sobolev space

H2(v1,v2) by:

H2(v1,v2) =
{

Ψ[v1,v2] := Ψ̃ ◦ σ−1(·;v1,v2) : Ψ̃ ∈ H2(0, 1)
}
,

endowed with the norm ‖Ψ[v1,v2]‖H2(v1,v2) = ‖Ψ̃‖H2(0,1). Thus, the Sobolev
space W2(G) is defined as the subset of functions (Ψa)a∈A ∈

⊗
a∈AH

2(a)
which satisfy the two following conditions:

∀v ∈ V,∀a1, a2 ∈ A [v ∈ a1 ∩ a2 ⇒ Ψa1(v) = Ψa2(v)],(13)

∀v ∈ V
∑
v2∈V

[v,v2]∈A

DΨ[v,v2](v;v2 − v) = 0,(14)

where we have denoted by DΨ[v,v2](v;v2 − v) the directional derivative of the
function Ψ[v,v2] at the point v in the direction v2 − v. These conditions are
usually called Kirchhoff’s conditions of the graphene structure. The first of
these conditions, (13), corresponds to the continuity condition on each vertex
going from one edge to the other. The second one, (14), states that the sum
of the outward fluxes from each vertex v must be zero.

1.1.3. The graphene Hamiltonian operator

The Hamiltonian of graphene is the operator H : D(H) ⊂ W(G) →
W(G), with domain D(H) = W2(G), that maps Ψ = (Ψa)a∈A ∈ W2(G) to
HΨ ∈ W(G), HΨ = ((HΨ)a)a∈A, such that

(15) (HΨ)a(x) =
(
−Ψ̃′′a + V Ψ̃a

)
◦ σ−1(x; a),

where, for each edge a ∈ A, Ψ̃a = Ψa ◦ σ(·; a) ∈ H2(0, 1).
The goal of this section is to study the spectrum of the operator H,

characterizing the functions Ψ which are bounded or unbounded solutions. In
order to do this, we seek for non-zero functions Ψ = (Ψa)a∈A satisfying (13)–
(14) and the following differential equations

(16) −Ψ̃′′a(t) + V (t)Ψ̃a(t) = λΨ̃a(t), ∀a ∈ A,∀t ∈ (0, 1),

where λ ∈ R is a parameter.
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1.1.4. A mathematical basis for the graphene

Taking into account the hexagonal periodic geometry of the graphene,
the Kirchhoff’s conditions (13), (14) have been written in Theorems 1 and 2
of [8]. Each of these theorems distinguishes between the cases ϕ2(1;λ) 6= 0 and
ϕ2(1;λ) = 0, where ϕ2(·;λ) is the function defined in (2). With the notations
of this paper, these are rephrased as follows:

Theorem 1. If ϕ2(1;λ) 6= 0, then every function Ψ = (Ψa)a∈A satisfying
(16), also satisfies the equations (13)–(14) if and only if, for each m, j ∈ Z, it
holds

Ψ(vj4m)− 3ϕ1(1;λ)Ψ(vj4m+1) + Ψ(vj4m+2) + Ψ(vj−1
4m+2) = 0(17)

Ψ(vj+1
4m+1) + Ψ(vj4m+1)− 3ϕ1(1;λ)Ψ(vj4m+2) + Ψ(vj4m+3) = 0(18)

Ψ(vj4m+2)− 3ϕ1(1;λ)Ψ(vj4m+3) + Ψ(vj4(m+1)) + Ψ(vj+1
4(m+1)) = 0(19)

Ψ(vj−1
4m+3) + Ψ(vj4m+3)− 3ϕ1(1;λ)Ψ(vj4(m+1)) + Ψ(vj4(m+1)+1) = 0(20)

where ϕ1(·;λ) and ϕ1(·;λ) are the functions defined in (2)–(3).

Theorem 2. If ϕ2(1;λ) = 0, every function Ψ = (Ψa)a∈A satisfying
(16), also satisfies the equations (13)–(14) if and only if the following conditions
hold:

(1) There exists kΨ ∈ R, depending on Ψ, such that

(21) Ψ(vj2m) = kΨ and Ψ(vj2m−1) = kΨϕ1(1;λ), ∀m, j ∈ Z.

(2) If on each edge a ∈ A the functions Ψa can be written as

(22) Ψ̃a(t) = Ψ̃a(0)ϕ1(t;λ) + caϕ2(t;λ),

where the parameterization t is chosen such that the edge goes from left
to right, then the constants (ca)a∈A satisfy the relations:

2kΨϕ
′
1(1;λ) + c

[vj
4m−1,v

j
4m]

+ c
[vj−1

4m−1,v
j
4m]

= c
[vj

4m,v
j
4m+1]

ϕ1(1;λ),(23)

∀m, j ∈ Z,
kΨϕ

′
1(1;λ) + c

[vj
4m,v

j
4m+1]

ϕ1(1;λ) = c
[vj

4m+1,v
j
4m+2]

+ c
[vj

4m+1,v
j−1
4m+2]

,(24)

∀m, j ∈ Z,
2kΨϕ

′
1(1;λ) + c

[vj
4m+1,v

j
4m+2]

+ c
[vj+1

4m+1,v
j
4m+2]

(25)

= c
[vj

4m+2,v
j
4m+3]

ϕ1(1;λ), ∀m, j ∈ Z,

kΨϕ
′
1(1;λ) + c

[vj
4m+2,v

j
4m+3]

ϕ1(1;λ) = c
[vj

4m+3,v
j
4(m+1)

]
(26)

+c
[vj

4m+3,v
j+1
4(m+1)

]
, ∀m, j ∈ Z.
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Based upon Theorem 1, in [8] it is shown that the set of vertices that
belong to any profile Lj =

{
vji : i ∈ Z

}
forms a basis for the graphene solutions

in the sense of [8, Proposition 1], that is

Proposition 1. Let Ψ ∈ W(G) such that HΨ ≡ λΨ. If, for a given
q ∈ Z, the values of Ψ at the vertices of Lq are known, then the value of Ψ at
every vertex and edge of G can be uniquely determined.

1.2. Presentation of new results: Periodic feasible solutions

Using the geometry introduced in [8] and the results obtained in [9], in
this paper we are interested in studying the existence of solutions of HΨ ≡ λΨ
that satisfy the supplementary condition

(27) Ψ(x+
√

3e2) = ρΨ(x) ∀x ∈ G
where ρ is a non zero real or complex number.

Our main results in this sense are stated in the following two theorems.
In the former one, the existence of solutions that meet the vertical growth con-
dition given by (27) is studied. Given that there are infinitely many solutions
that satisfy this condition, in Theorem 4 we look for those that furthermore,
they are periodic in the horizontal direction.

Theorem 3. For every λ ∈ R such that ϕ2(1;λ) 6= 0 and for all ρ ∈
C \ {−1}, the solutions of HΨ ≡ λΨ, which also satisfy the condition (27),
form a vector space of dimension 2.

Theorem 4. For every λ ∈ R there exists ρ ∈ C \ {−1} and solutions of
HΨ ≡ λΨ satisfying (27), and which are additionally periodic in the following
sense:

(28) Ψ(vji+4) = Ψ(vji ) ∀i, j ∈ Z.
Moreover, if for each λ ∈ R, an auxiliary variable z(λ) is introduced taking the
values z1(λ) or z2(λ), defined by

(29) z1,2(λ) =
(

3ϕ1(1;λ)± 1
)2
,

then the values of ρ are obtained as a function of z(λ) as follows

(30) ρ(z)1,2 =
z − 2±

√
(z − 4)z

2
,

and they satisfy ρ1ρ2 = 1. Depending on whether z(λ) ≥ 4 or z(λ) < 4, we
get that ρ is real, or ρ is a unitary complex number, say ρ = e±iθ, with

θ = arccos
(z(λ)− 2

2

)
.
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Table 1 summarizes all possible cases, based on the values of ϕ1(1;λ).
Finally, if ϕ1(1;λ) 6= 0, at the vertices vj4m,v

j
4m+1,v

j
4m+2,v

j
4m+3, the

solutions Ψ associated with z1 or z2 take, respectively, the values given by the
following valued-vectors:

(31)


Ψ(vj4m)

Ψ(vj4m+1)

Ψ(vj4m+2)

Ψ(vj4m+3)

=


1
1

s1 ·
√
ρ

s1 ·
√
ρ

Ψ(vj4m) and


Ψ(vj4m)

Ψ(vj4m+1)

Ψ(vj4m+2)

Ψ(vj4m+3)

=


1
−1

−s2 ·
√
ρ

s2 ·
√
ρ

Ψ(vj4m)

where

(32) s1 =

{
1 if ϕ1(1;λ) > 1/3

−1 if ϕ1(1;λ) < 1/3
and s2 =

{
1 if ϕ1(1;λ) > −1/3

−1 if ϕ1(1;λ) < −1/3
.

ϕ1(1;λ) ρ(z1) ρ(z2)

∈ (−∞,−1) ρ1,2 ∈ R, 0 < ρ1 < 1 < ρ2 ρ1,2 ∈ R, 0 < ρ1 < 1 < ρ2

= −1 ρ1 = ρ2 = 1 ρ1,2 ∈ R, 0 < ρ1 < 1 < ρ2

∈ (−1,−1/3) ρ1,2 = e±iθ, ρ1,2 ∈ R, 0 < ρ1 < 1 < ρ2

cos θ = (3ϕ1(1;λ)+1)2−2
2

= −1/3 = −1 (excluded value) = 1

∈ (−1/3, 1/3) ρ1,2 = e±iθ, ρ1,2 = e±iθ,

cos θ = (3ϕ1(1;λ)+1)2−2
2 cos θ = (3ϕ1(1;λ)−1)2−2

2

= 1/3 = 1 = −1 (excluded value)

∈ (1/3, 1) ρ1,2 ∈ R, 0 < ρ1 < 1 < ρ2 ρ1,2 = e±iθ,

cos θ =

(
3ϕ1(1;λ)−1

)2
−2

2

= 1 ρ1,2 ∈ R, 0 < ρ1 < 1 < ρ2 = 1

∈ (1,∞) ρ1,2 ∈ R, 0 < ρ1 < 1 < ρ2 ρ1,2 ∈ R, 0 < ρ1 < 1 < ρ2

Table 1 – Dependency of ρ in terms of λ, where ϕ1(1 : λ) is the function
defined in (2) and z1, z2 are defined in (29).

Remark 1. Figures 3–6 graph the solutions (31) for each of the four com-
binations of values z = z1,2, s1,2 = ±1.
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Fig. 6 – Graph of the solution of HΨ ≡ λΨ, which also satisfies (27), (28), in
case ϕ1(1;λ) < −1/3, z = z2, and Ψ(v0

4m) = 1.

Corollary 1. i) If |ϕ1(1;λ)| > 1, all of the solutions of HΨ ≡ λΨ,
satisfying conditions (27), (28), are unbounded in the vertical direction.

ii) If |ϕ1(1;λ)| ≤ 1/3, all of the solutions of HΨ ≡ λΨ, satisfying condi-
tions (27), (28), are bounded in the vertical direction.

iii) If |ϕ1(1;λ)| ∈ (1/3, 1], then there is coexistence of solutions of HΨ ≡
λΨ, satisfying (27), (28), which are bounded and unbounded in the vertical
direction.

Theorem 5. For every λ ∈ R such that ϕ1(1;λ) = ±1/3 there exist
solutions of HΨ ≡ λΨ, satisfying condition (27) with ρ = −1, and which are
additionally periodic in the sense of (28).

Moreover, if ϕ1(1;λ) = 1/3, at the vertices vj4m,v
j
4m+1,v

j
4m+2,v

j
4m+3 the

solutions Ψ take the values given by the following valued-vectors:

(33)


Ψ(vj4m)

Ψ(vj4m+1)

Ψ(vj4m+2)

Ψ(vj4m+3)

 =


1
1
0
0

Ψ(vj4m) +


0
0
1
1

Ψ(vj4m+1),

where Ψ(vj4m), Ψ(vj4m+1) are both arbitrary. In case ϕ1(1;λ) = −1/3 these
solutions are given by

(34)


Ψ(vj4m)

Ψ(vj4m+1)

Ψ(vj4m+2)

Ψ(vj4m+3)

 =


1
−1
0
0

Ψ(vj4m) +


0
0
1
−1

Ψ(vj4m+1),

where Ψ(vj4m), Ψ(vj4m+1) are again arbitrary.
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2. PROOF OF THE MAIN RESULTS

Proof of Theorem 3. Since ϕ2(1;λ) 6= 0, Kirchhoff’s conditions for solu-
tions of HΨ ≡ λΨ, which satisfy (27) for any profile Lj (see Figure 1), are
written for each m ∈ Z as follows:

Ψ(vj4m)− 3ϕ1(1;λ)Ψ(vj4m+1) + (1 + ρ−1)Ψ(vj4m+2) = 0(35)

(1 + ρ)Ψ(vj4m+1)− 3ϕ1(1;λ)Ψ(vj4m+2) + Ψ(vj4m+3) = 0(36)

Ψ(vj4m+2)− 3ϕ1(1;λ)Ψ(vj4m+3) + (1 + ρ)Ψ(vj4(m+1)) = 0(37)

(1 + ρ−1)Ψ(vj4m+3)− 3ϕ1(1;λ)Ψ(vj4(m+1)) + Ψ(vj4(m+1)+1) = 0(38)

The above equations form an infinite tridiagonal linear system. Since ρ 6= −1,
this system is straightforward solved in terms of Ψ(vj4m), Ψ(vj4m+1). Precisely,
we have

Ψ(vj4m+2) =
−1

(1 + ρ−1)
Ψ(vj4m) +

3ϕ1(1;λ)

(1 + ρ−1)
Ψ(vj4m+1)(39)

Ψ(vj4m+3) =
−3ϕ1(1;λ)

(1 + ρ−1)
Ψ(vj4m)(40)

+

[
9ϕ2

1(1;λ)− (1 + ρ)(1 + ρ−1)
]

(1 + ρ−1)
Ψ(vj4m+1)

Ψ(vj4(m+1)) =
1− 9ϕ2

1(1;λ)

(1 + ρ)(1 + ρ−1)
Ψ(vj4m)(41)

+
3ϕ1(1;λ)

[
9ϕ2

1(1;λ)−1−(1+ρ)(1+ρ−1)
]

(1 + ρ)(1 + ρ−1)
Ψ(vj4m+1)

Ψ(vj4(m+1)+1) =
3ϕ1(1;λ)

[
1− 9ϕ2

1(1;λ) + (1 + ρ)(1 + ρ−1)
]

(1 + ρ)(1 + ρ−1)
Ψ(vj4m)(42)

+

9ϕ2
1(1;λ)

[
9ϕ2

1(1;λ)− 1
]

(1 + ρ)(1 + ρ−1)
− 18ϕ2

1(1;λ)

+(1 + ρ)(1 + ρ−1)
)

Ψ(vj4m+1)

Analogously, Ψ(vj4m), Ψ(vj4m+1), Ψ(vj4m+2), Ψ(vj4m+3) can similarly be ob-

tained in terms of Ψ(vj4m), Ψ(vj4m+1), for any arbitrary m ∈ Z.
Let’s fix the value of m, for example m = 0. From (39)–(42) we obtain

Ψ(vji ) for all i ≥ 2 in terms of the initial values Ψ(vj0), Ψ(vj1). In a similar

way, we explicitly calculate the values of Ψ(vji ) for all i ≤ −1, in terms of

Ψ(vj0), Ψ(vj1). Next, it is straightforward deduced that the space of solutions
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has dimension 2. Thus, a base of this space are all the functions whose values
at the vertices are obtained from (39)–(42), and the corresponding inverted
equations for i ≤ −1 from the initial valuesΨ(vj0)

Ψ(vj1)

 =

1

0

 or

Ψ(vj0)

Ψ(vj1)

 =

0

1

 .

Proof of Theorem 4. Following the same notations as in the proof of the
previous theorem, the solutions of HΨ ≡ λΨ satisfying (27) must additionally
satisfy (39)–(42), which are written in matrix form as follows: Ψ(vj4(m+1))

Ψ(vj4(m+1)+1)



=

 M −3ϕ1(1;λ)(M + 1)

3ϕ1(1;λ)(M+1) −9ϕ2
1(1;λ)(M+2)+(1+ρ)(1+ρ−1)


 Ψ(vj4m)

Ψ(vj4m+1)


where

(43) M =
1− 9ϕ2

1(1;λ)

(1 + ρ)(1 + ρ−1)

Furthermore, the periodicity condition (28) implies that the vector
[Ψ(vj4m),Ψ(vj4m+1)]T must be a non-trivial solution of the system

 M − 1 −3ϕ1(1;λ)(M + 1)

3ϕ1(1;λ)(M+1) −9ϕ2
1(1;λ)(M+2)+(1+ρ)(1+ρ−1)−1


 Ψ(vj4m)

Ψ(vj4m+1)


=

0

0

 .

(44)

For this problem to have non-trivial solutions, it is necessary and sufficient
that

det

 M − 1 −3ϕ1(1;λ)(M + 1)

3ϕ1(1;λ)(M + 1) −9ϕ2
1(1;λ)(M + 2) + (1 + ρ)(1 + ρ−1)− 1

 = 0.
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Expanding the determinant and simplifying matters, the previous equation is
written equivalently as follows:

(45) 81ϕ4
1(1;λ)−18

[
1+(1+ρ)(1+ρ−1)

]
ϕ2

1(1;λ)+
[
(1+ρ)(1+ρ−1)−1

]2
= 0.

This is a quadratic equation on the auxiliary variable

(46) z = (1 + ρ)(1 + ρ−1),

which is explicitly written as

(47) z2 − 2(9ϕ1(1;λ)2 + 1)z + (9ϕ1(1;λ)2 − 1)2 = 0,

and who has real, nonnegative solutions, which are given by (29). To determine
the corresponding values of ρ, we use identity(46) for each of the two solutions
z1,2, obtaining a new quadratic equation on ρ(z), which is

(48) ρ2 + (2− z)ρ+ 1 = 0,

and whose solutions are given by (30). Of course, here z = z1 or z = z2

(see (29)).
The solutions of this equation are real and satisfy 0 < ρ(z)1 < 1 < ρ(z)2

whenever z ∈ (4,∞). In case z = 0 , we get ρ(z) = −1, which has been
excluded from our analysis from the beginning. In case z = 4, we get ρ = 1,
which corresponds to periodic solutions in the horizontal direction of the lattice.

Finally, in case z ∈ (0, 4), we have complex conjugate solutions of modulus
1, so they can be written in the form

(49) ρ(z)1,2 = e±iθ(z), where θ(z) = arccos

(
z − 2

2

)
.

Using (29), we have

(50)


z1 ∈ (0, 4) ⇐⇒ ϕ1(1;λ) ∈ (−1,−1/3) ∪ (−1/3, 1/3)

z1 = 0 ⇐⇒ ϕ1(1;λ) = −1/3
z1 = 4 ⇐⇒ ϕ1(1;λ) = 1/3 ∨ ϕ1(1;λ) = −1
z1 > 4 ⇐⇒ ϕ1(1;λ) ∈ (−∞,−1) ∪ (1/3,∞)

(51)


z2 ∈ (0, 4) ⇐⇒ ϕ1(1;λ) ∈ (−1/3, 1/3) ∪ (1/3, 1)

z2 = 0 ⇐⇒ ϕ1(1;λ) = 1/3
z2 = 4 ⇐⇒ ϕ1(1;λ) = −1/3 ∨ ϕ1(1;λ) = 1
z2 > 4 ⇐⇒ ϕ1(1;λ) ∈ (−∞,−1/3) ∪ (1,∞)

Table 1 in the heading of this theorem results from summarizing the expres-
sions (50)–(51), (49) and (30).

Next, to prove formulae (31), we start by writing the first equation of
system (44) as follows

(52) (M − 1)Ψ(vj4m)− 3ϕ1(1;λ)(M + 1)Ψ(vj4m+1) = 0
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where M was defined in (43); it can be rewritten as

M = −(3ϕ1(1;λ) + 1) (3ϕ1(1;λ)− 1)

z
.(53)

To explicitly compute vector [Ψ(vj4m),Ψ(vj4m+1),Ψ(vj4m+2),Ψ(vj4m+3)]T

in terms of Ψ(vj4m), we split its calculation into two cases.

i) For ϕ1(1;λ) 6= 1/3, let’s consider the case z = z1 = (3ϕ1(1;λ) − 1)2.
If so, (53) becomes

M = −3ϕ1(1;λ) + 1

3ϕ1(1;λ)− 1
and hence, equation (52) is rewritten as

(54) ϕ1(1;λ)
(

Ψ(vj4m)−Ψ(vj4m+1)
)

= 0.

Remark 2. It is worth noting that if ϕ1(1;λ) = 0, then the equation (54)
is satisfied for all Ψ(vj4m),Ψ(vj4m+1). For that reason, this case has not been
included in this theorem.

Since ϕ1(1;λ) 6= 0, the equation (54) becomes

(55) Ψ(vj4m+1) = Ψ(vj4m)

To calculate Ψ(vj4m+2), we use the equation (39), which by virtue of (55)
reduces to

Ψ(vj4m+2) =
3ϕ1(1;λ)− 1

(1 + ρ−1)
Ψ(vj4m).(56)

To simplify this expression, let’s note that using (46) and the value of z = z1,
we have

(57) ρ =

(
3ϕ1(1;λ)− 1

1 + ρ−1

)2

,

that is,

(58)
3ϕ1(1;λ)− 1

1 + ρ−1
= s1 ·

√
ρ,

where s1 is given by (32). Using this identity in (56), we get

Ψ(vj4m+2) = s · √ρΨ(vj4m).(59)

Finally, using (55) in (40), we obtain

Ψ(vj4m+3) =
9ϕ2

1(1;λ)− 3ϕ1(1;λ)− z
1 + ρ−1

Ψ(vj4m) =
3ϕ1(1;λ)− 1

1 + ρ−1
Ψ(vj4m)

= s · √ρΨ(vj4m).
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Bringing together (55), (59) with this latter expression, we obtain (31).

ii) For ϕ1(1;λ) 6= −1/3, let’s consider the case z = z2 = (3ϕ1(1;λ) + 1)2.
If so, (53) becomes

M = −3ϕ1(1;λ)− 1

3ϕ1(1;λ) + 1

and hence, equation (52) is rewritten as

(60) ϕ1(1;λ)
(

Ψ(vj4m) + Ψ(vj4m+1)
)

= 0.

Remark 3. Note that again if ϕ1(1;λ) = 0, the equation (60) is satisfied
for all Ψ(vj4m),Ψ(vj4m+1). For that reason, this case has not been considered
in the theorem.

Since ϕ1(1 : λ) 6= 0, the equation (60) becomes

(61) Ψ(vj4m+1) = −Ψ(vj4m).

Using (61) in (39), we get

Ψ(vj4m+2) = −1 + 3ϕ1(1;λ)

1 + ρ−1
Ψ(vj4m).(62)

To simplify this expression, let’s use (46) and the value of z = z2, we have

(63) ρ =

(
3ϕ1(1;λ) + 1

1 + ρ−1

)2

,

that is,

(64)
3ϕ1(1;λ) + 1

1 + ρ−1
= s2 ·

√
ρ,

where s2 is given by (32). Using this identity in (62), we get

Ψ(vj4m+2) = −s√ρΨ(vj4m).(65)

Finally, to calculate Ψ(vj4m+3) we use (40), which combined with (61), becomes

Ψ(vj4m+3) = −9ϕ2
1(1;λ) + 3ϕ1(1;λ)− z

1 + ρ−1
Ψ(vj4m) =

3ϕ1(1;λ) + 1

1 + ρ−1
Ψ(vj4m)

= s · √ρΨ(vj4m).

Bringing together (61), (65) with this latter expression, we obtain the second
part in (31).
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Proof of Theorem 5. Since ϕ2(1;λ) 6= 0, Kirchhoff’s conditions for solu-
tions of HΨ ≡ λΨ, which satisfy (27) for ρ = −1, and for any profile Lj (see
Figure 1), are written for each m ∈ Z as follows:

−3ϕ1(1;λ)Ψ(vj4m) + Ψ(vj4m+1) = 0(66)

Ψ(vj4m)− 3ϕ1(1;λ)Ψ(vj4m+1) = 0(67)

−3ϕ1(1;λ)Ψ(vj4m+2) + Ψ(vj4m+3) = 0(68)

Ψ(vj4m+2)− 3ϕ1(1;λ)Ψ(vj4m+3) = 0.(69)

This linear system only has non-trivial solutions when 3ϕ1(1;λ) = ±1, in which
case we obtain the solutions written in (33), (34). This completes the proof of
Theorem 5.
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