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Abstract

Traditional composite indicators for the study of sustainability often obscure the complex
network of relationships among individual indicators, functioning as black boxes that fail to
diagnose the underlying structural and functional weaknesses of the system. The objective
of this research is to develop and apply a complementary approach grounded in network
theory to diagnose and evaluate the structural and functional cohesion of environmental
indicator systems. We developed a study that combines the Principal Component Analysis
(PCA) method with network theory to comprehensively analyze the indicator system. The
core of this contribution is the development of the Mo(G) index, designed to quantify the
structural-functional cohesion of an indicator network. This approach is applied to an
environmental dataset of 19 indicators for Cruz Grande, Guerrero, Mexico (2010-2023).
The results reveal that although the indicator network is relatively dense (d = 0.6199),
its structural-functional cohesion is low (Mo(G) = 520.68), placing the region in the Fair
category. This result provides an explanation for the sustained decline of the system, as
shown by the PCA-based Regional Environmental Sustainability Index. We conclude
that this approach is a complementary tool for diagnosing and evaluating environmental
systems, enabling the detection of vulnerabilities that remain invisible to conventional
aggregation methods.

Keywords: sustainability index; environmental governance; environmental systems;
rural sustainability; network theory; principal component analysis; structural-functional
cohesion

1. Introduction

Sustainability, elevated to a central paradigm in decision-making by the Brundtland
Report [1], has become a key guiding concept. In that report, sustainability was defined as
the ability to meet the needs of the present without compromising the ability of future gen-
erations to meet their own. Far from being a purely environmental concern, sustainability
is intrinsically multidimensional, seeking a dynamic and equitable balance among environ-
mental integrity, social equity, and economic viability [2]. Achieving this balance requires a
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deep understanding of the interdependencies between human and natural systems, as well
as a commitment to intergenerational equity.

However, this normative ideal contrasts sharply with the current global socio-
environmental crisis, characterized by systemic overexploitation of natural resources that
exceeds the regenerative capacity of ecosystems [3]. The persistent gap between sustainabil-
ity as a guiding principle and the degradation observed in practice has created an urgent
need for tools capable of operationalizing the concept of sustainable development in ways
that are both concrete and context-sensitive.

In response, academics, institutions, and governments have turned to the develop-
ment of sustainability indicators: metrics designed to translate the complexity of socio-
environmental systems into interpretable, comparable, and actionable information. These
metrics can take the form of individual indicators, which track specific variables such as
carbon emissions, land use, or water consumption, and are often valued for their clarity
and precision. However, individual indicators often fail to capture the complex web of rela-
tionships that defines the systemic and multidimensional nature of sustainability, especially
when interactions and trade-offs between variables are significant [4].

To address these limitations, composite indicators (indices) have been proposed as
integrative tools that synthesize multiple variables through processes of normalization,
weighting, and aggregation. These aim to represent sustainability more holistically, enhanc-
ing both communication and comparability across contexts [5]. Prominent early examples
include the Human Development Index (HDI) [6], which focuses on health, education, and
income. This was followed by indicators that incorporate environmental dimensions, such
as the Environmental Sustainability Index (ESI) [7] and the Environmental Performance
Index (EPI) [8]. More recent proposals, like the Sustainable Development Index (SDI) [9]
and the Sustainable Human Development Index (SHDI) [10], attempt to penalize ecological
overshoot explicitly.

Despite their wide adoption and conceptual evolution, composite indicators are often
criticized for relying on compensatory aggregation methods (e.g., arithmetic or geometric
means), which can obscure internal imbalances between dimensions and trade-offs that
are crucial for sustainability assessments [5]. Additionally, these indicators frequently
treat component variables as independent, thereby ignoring the relational structure and
interdependencies that define complex socio-environmental systems. Such methodological
shortcomings are particularly problematic in territories with limited data availability,
institutional fragility, and high levels of environmental and social vulnerability.

These limitations become acutely relevant in rural and marginalized regions, where
decision-making is often determined by top-down governance structures that neglect
local perspectives and capacities. In the La Sabana-Laguna de Tres Palos river sub-basin,
located in Acapulco, Guerrero, Mexico, for example, historically vertical and politically
driven approaches have repeatedly undermined integrated environmental management
and the construction of long-term strategies [11]. This broader pattern of institutional
fragility and ineffective planning is acutely evident in rural localities such as Cruz Grande,
Guerrero, Mexico, characterized by limited infrastructure, high levels of marginalization,
and a predominantly agricultural economy. In these contexts, the absence of scientifically
based and territorially relevant diagnostic tools severely hinders the ability of local actors
to evaluate, design, or assess sustainability initiatives. As a result, ineffective planning
practices persist, reinforcing the very power asymmetries and institutional deficiencies they
seek to overcome.

This study addresses the aforementioned diagnostic gap by proposing and applying
a complementary approach based on network theory to diagnose and evaluate environ-
mental sustainability. The objective is to overcome conventional aggregation methods by
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combining a temporal performance analysis with an evaluation of the structural-functional
cohesion of the system.

The proposed framework combines principal component analysis (PCA) with network
theory to comprehensively analyze the indicator system. On the one hand, PCA is used to
calculate the Regional Environmental Sustainability Index (RESI), a composite indicator
adapted to the Mexican rural context [12]. The RESI provides a benchmark metric that is
used to empirically validate the results of our network study. On the other hand, the central
contribution of the study is the Mo(G) index, designed to quantify the structural-functional
cohesion of the indicator system. This diagnosis is complemented by traditional graph
theory metrics, such as density, centrality, modularity, and the assortativity coefficient,
which allow for a more in-depth analysis of the network structure. To demonstrate its
usefulness, this approach is applied to the case study of Cruz Grande, Guerrero, using a
set of environmental data of 19 indicators grouped into three thematic categories: water
management, land use and solid waste, and general environmental metrics.

By integrating PCA with a network theory-based approach, and particularly by in-
troducing the Mo(G) index, this study offers a complementary tool for diagnosing envi-
ronmental sustainability. This approach considers both temporal dynamics and systemic
structure, allowing it to uncover vulnerabilities that are not apparent to conventional ag-
gregation methods. The methodology is especially well-suited for rural environments like
Cruz Grande, where traditional data limitations require more creative and structurally
sensitive approaches. This work does not directly address the broader political or institu-
tional challenges of sustainability governance. However, it does provide a basis for more
informed, territorially grounded, and analytically robust planning processes. In this regard,
a software tool designed to assist in decision-making is proposed.

2. Theoretical Background

Network theory has become a fundamental framework in sustainability science, of-
fering a language capable of capturing the complexity of socio-ecological systems. This
approach is described as a relational shift in recent literature [13,14]. It moves the focus
from the isolated properties of species, actors, or institutions to the interactions that shape
a system’s resilience and transformative capacity. In this sense, sustainability is conceived
as an emergent property of network configurations rather than a fixed state that can be
achieved in a linear manner [15].

In ecology, the pioneering work of Bascompte and Jordano showed that mutualistic
networks exhibit non-random patterns, such as nestedness and modularity, which favor
stability and species coexistence [16,17]. These contributions consolidated the network
approach for studying biodiversity and resilience. They demonstrated that the architecture
of connections conditions a community’s persistence and its response to disturbances [18].
Within this field, recent studies have applied network metrics to assess the resilience of
forests to global threats, integrating network properties with functional traits to predict
ecosystem response [19].

In research on socio-ecological systems, network theory has provided tools for un-
derstanding the governance of common goods and patterns of cooperation. Levin con-
ceptualized ecosystems as complex adaptive systems characterized by nonlinearity and
self-organization [20], while Ostrom proposed a multilevel framework for analyzing the
sustainability of shared resources [21]. Subsequently, Gonzales and Parrott [22] directly
applied network metrics to assess the resilience of socio-ecological systems, opening a field
of research that has grown steadily over the last decade.

The consolidation of this approach is reflected in the systematic review by
Sayles et al. [23], which synthesizes the development of socio-ecological network (SEN)



Sustainability 2025, 17, 9731

4 of 35

analysis. This work highlights that while SENs have successfully integrated social and
ecological domains, significant gaps remain in linking structural patterns to environ-
mental outcomes. The review identifies a strong reliance on traditional metrics and
raises the need to move toward dynamic, multilayer, and longitudinal networks. These
conclusions align with foundational contributions from authors like Janssen et al. [24]
and Norberg and Cumming [25], who had already emphasized a relational frame-
work for studying resilience. They are also consistent with later works showing how
certain network configurations facilitate cooperation and the provision of ecosystem
services [26-28]. More recent research has explored the use of higher-order analysis,
such as simplicial topology, to capture complex interactions in socio-ecological net-
works, revealing collaborative structures beyond simple peer-to-peer interactions [29].

The empirical applications of network theory in sustainability are diverse. In envi-
ronmental governance, Bodin and Crona [30] analyzed how social networks influence the
co-management of natural resources, and more recent studies have employed dynamic
models to assess the resilience of forest systems [31]. In rural coastal communities, Aguilar-
Becerra et al. [32] showed how combining social network analysis with path-dependent
trajectories explains the evolution of tourism and its sustainability. Furthermore, in applied
ecology, Pineda-Pineda et al. [33] used bipartite networks to assess water quality.

Other areas of application include industry and international politics. Larrea-Gallegos et al. [34]
conducted a comprehensive review to propose an agent-based approach for simulating
sustainable and resilient supply networks. Kim and Allenby [35] developed sustainability
network theory (SNT) as a framework for modeling energy, material, and information
flows in complex industrial systems. In the policy domain, Nilsson et al. [36] showed
that the Sustainable Development Goals (SDGs) can be mapped as a network of interac-
tions. This mapping reveals synergies and trade-offs that require coordinated management.
Benhar et al. [37] extended this approach using complex network theory, applying small-
world and many-body system models to interdisciplinary cooperation around the SDGs. Fi-
nally, Dragicevic [38] proposed a concentric framework for sustainability assessment, using
a hypergraph approach to study the resilience and connectivity of a socio-ecological system.

In parallel, conceptual approaches such as actor-network theory have emerged, em-
phasizing the symmetry between human and non-human actors in socio-technical transition
processes. Aka [39] reviews how this perspective has been applied in sustainability re-
search, particularly in urban governance and industrial processes. Likewise, studies by
authors such as Liu et al. [40] have shown the importance of global teleconnections. They
highlight how flows of information, capital, and resources generate transnational networks
with crucial implications for sustainability.

This bibliographic analysis shows that network theory has established itself not only as
a cross-cutting field of research but also as a bridge between previously isolated disciplines.
Barabasi [41] anticipated this transition, noting that networks would dominate the new
century to a degree that is difficult to imagine and that network thinking would invade
most fields of human activity. This vision reinforces the need for a systemic approach that
allows us to recognize the hidden interactions between social, economic, and environmental
dimensions, thereby contributing to the design of more integrated policies and strategies.

In this context, the novelty of our work lies in applying network theory as an an-
alytical tool, going beyond its purely conceptual or descriptive use. For the study, we
combined widely used metrics, such as centralities, with less explored properties such as
nodal energy and structural relationships, which allowed us to evaluate the structural—-
functional cohesion of the environmental indicator system. This proposal broadens the
field of application of network theory. While previous research focused only on the topo-
logical and structural properties of such networks, our analysis directly addresses the
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interrelationship between environmental indicators and their internal vulnerabilities. This
positions our work as an original contribution that favors the evaluation of complex sys-
tems associated with sustainability, with the potential to be replicated and adapted in other
territorial contexts.

3. Methodology
3.1. Analytical Techniques

The methodological approach of this research is structured around two key techniques:
Principal Component Analysis and Network Theory. The foundations of both techniques
are detailed below.

3.1.1. Principal Component Analysis (PCA)

Principal Component Analysis (PCA) is a multivariate statistical technique widely
used in sustainability assessment to reduce the dimensionality of complex datasets
and identify their latent structures [42,43]. Instead of examining numerous correlated
indicators in isolation, PCA transforms them into a smaller set of uncorrelated variables
known as principal components, each capturing the maximum possible variance from
the original data [44].

PCA is a well-established tool in sustainability science for its effectiveness in synthe-
sizing complex datasets. For instance, it has been used to construct composite indicators
for assessing the sustainability of manufacturing companies [45] and to integrate diverse
social and infrastructural variables in urban sustainability assessments [46].

Mathematically, PCA transforms the original data matrix X € R"*P—where n
is the number of observations and p the number of indicators—into a set of uncorre-
lated variables 71,7, ..., Z,. Each principal component is a linear combination of the
standardized indicators:

Zp = wn X1 + wipXo + -+ -+ wgp Xp, fork=1,...,p, @)

where wy; for j =1,..., p are the loadings (or weights) assigned to each indicator X; in the
construction of the k-th component Z;. These weights are chosen so that the first component
Z1 captures the maximum possible variance. Each subsequent component then captures
the highest remaining variance while being uncorrelated with the previous ones.

To apply PCA effectively, the following steps are typically followed:

1.  Assessment of Data Suitability: The data’s fitness for factor analysis is verified using
the Kaiser-Meyer-Olkin (KMO) measure and Bartlett’s test of sphericity [47].
2. Standardization of the data: Each indicator is transformed to have a mean of zero and
a standard deviation of one: _
r_ XX
X/ =" 2)
j o
)
where X; is the mean and ¢; the standard deviation of the indicator X;. This step
ensures comparability between variables with different units.
3.  Computation of the correlation matrix R: Since the variables are standardized, their
interdependencies are summarized in the matrix R, where each entry r;; represents
the Pearson correlation between indicators X; and X;.
4.  Extraction of components: The principal components correspond to the eigenvec-
tors of the matrix R, and the amount of variance each one explains is given by the
associated eigenvalue A; divided by total variance in the dataset,

Variance explained by the s-th component = pL 3
Zkzl Ak
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5. Selection of components: The decision on how many components to retain is
guided by established statistical criteria, such as Horn’s parallel analysis, Velicer’s
minimum average partial (MAP) test, and the visual inspection of the scree-plot
“elbow” [42,48-50]. However, in the specific context of constructing composite indica-
tors, interpretability is paramount.For this reason, the standard procedure is to use
only the first principal component (Z1). This is done provided provided it explains
a substantial portion of the total variance (above 0.50). This practice avoids the in-
formational and sign-inconsistency issues that secondary components can introduce,
ensuring the final index has a clear and unambiguous meaning [5,51-53].

6.  Calculation of component scores: Each observation receives a score on each retained
component. These scores can be used to build composite indicators or to compare
performance across regions.

In this study, we define a temporal index, denoted as RESI. The index is computed by
projecting standardized indicator values onto the first principal component,

p
RESI = ) wyizs, 4)
i=1

where z;; is the standardized value of indicator i at time ¢, and wj is its corresponding
loading. The resulting time series RESI summarizes the dominant trend across indicators,
enabling consistent temporal evaluation.

This formulation follows the same methodological framework as the ISAM index
developed for southeastern Mexico [12], which also relies on principal component analysis
to aggregate environmental indicators. The ISAM provides a static comparison across
municipalities. In contrast, our version introduces a temporal perspective that allows for
the identification of structural shifts and long-term trends within a single locality.

By extending the PCA-based approach to the temporal domain, the proposed index
enhances the interpretative capacity of sustainability assessments. It serves as both a
benchmarking tool aligned with national metrics and a diagnostic mechanism tailored to
local dynamics.

It is important to acknowledge the methodological challenges inherent to this tech-
nique. A primary concern is its reliance on linear assumptions, which may fail to capture
the complex, non-linear dynamics often present in socio-ecological systems [44]. The
interpretability of the resulting components can also be difficult, as these mathematical
constructs may not align neatly with established conceptual frameworks of sustainability.
Several studies have noted these challenges, particularly in aligning the statistical outputs
with policy-relevant dimensions [5,54]. Furthermore, its compensatory nature can mask
critical trade-offs between individual indicators [4].

3.1.2. Network Theory

A network is formally defined as a collection of nodes (also called vertices) connected
by links (or edges) [41,55]. The structure of the network is encoded in its adjacency matrix
A = [a;j], where

1, ifnode i is linked to node j,
a;j =
v 0, otherwise.

We focus on undirected networks, where links represent mutual relationships and the
adjacency matrix A is symmetric. Several structural concepts from network theory play a
central role in this study. The degree of a node i, denoted d; = }_; a;j, corresponds to the
number of direct links it maintains. This quantity indicates how interconnected a node is
within the system.
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A fundamental descriptor of the overall network structure is its density, defined as
the ratio between the number of existing links m and the maximum number of possible
links. For a network with 7 nodes, the density is computed as

2m
dz*n(n—l)' )

High-density networks suggest a system of tightly interrelated components, while
sparse networks may reflect compartmentalized or weakly coordinated subsystems.

The concept of a path captures the notion of connectivity between two nodes. A path
is a sequence of nodes v1, vy, .. ., v; such that each consecutive pair is directly linked. The
distance between two nodes 1 and v, denoted d(u,v), is the length of the shortest path
connecting them. A network is said to be connected if there exists at least one path between
every pair of nodes. This property guarantees that the system forms a single coherent
structure, enabling the calculation of global measures such as spectral or centrality mesures.
In contrast, disconnected networks may yield misleading or fragmented diagnostics.

The clustering coefficient quantifies the extent to which the neighbors of a given
node are themselves interconnected, offering insight into local cohesion. Complementarily,
centrality measures identify nodes of structural significance. These include:

*  Degree centrality, computed as

measures the proportion of nodes directly connected to .
¢ Closeness centrality, given by

n—1

Cc(u) = =———, )

( ) Zv;&u d(”/ ZJ)

reflects the proximity of a node to all others.
*  Betweenness centrality, defined as

— st (1)

Cp(u)= ), =, ®)
sEuFt Ost

quantifies how frequently node u lies on shortest paths between other nodes. Here, o5;

is the number of shortest paths from s to ¢, and oy (1) the number passing through u.

*  Eigenvector centrality assigns higher scores to nodes connected to other central nodes.
It is calculated as

Ce(u) = 2\, )

where xill) is the u-th component of the principal eigenvector of the adjacency matrix.

In addition to topological descriptors, spectral properties derived from the eigenvalues
of the adjacency matrix provide global information about the organization, robustness, and
modularity of the system. These measures form the basis for constructing more refined
structural indices, as explored later in this work.

Certain archetypal structures in network theory serve as useful references for inter-
preting empirical networks. A tree is a connected network that contains no cycles, meaning
there is exactly one unique path between any pair of nodes. Among trees, two canonical
forms are of particular interest. A path network arranges the nodes in a linear sequence,
resulting in maximal average distance and minimal centralization (see Figure 1). In contrast,
a star network consists of a central node connected to all others, which are not connected
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among themselves. This configuration exhibits extreme centralization and minimal aver-
age distance. Both represent limiting cases of connectivity and centrality within minimal
link structures.

(a) (b) (c)

Figure 1. Examples of basic structures in network theory. (a) A path network with six nodes. (b) A
star network with nine nodes. (c) A fully connected network (complete network) with five nodes.

At the opposite end of the spectrum lies the complete network, where every node is

directly linked to every other. Such a network with # nodes has the maximum possible

number of links, m = "(”2_1) , and achieves a density of 1. In the context of sustainability

analysis, a complete network would suggest total interdependence among all indicators.
While this situation is rare in practice, it is theoretically useful as a benchmark for evaluating
empirical density and redundancy.

This collection of theoretical constructs and structural metrics forms the foundation
for our network-based sustainability analysis.

3.2. The Mo(G) Index

In order to quantify the structural-functional cohesion of sustainability networks, we
introduce a novel index, denoted as Mo(G). This index builds upon the concept of node
energy formulated by Arizmendi et al. [56]. It aims to synthesize both the local spectral
prominence of each node and the topological configuration of the network as a whole.

Given an undirected, simple, and connected network G = (V, E) with n nodes and
adjacency matrix A = [a;;]. The spectral decomposition of A yields a set of real eigenvalues
A1, Ag, ..., Ay and corresponding orthonormal eigenvectors ¢q, ¢, ..., Py

The energy of anode u € V is defined in [56] as

eu =Y Al (9(u))? (10)
=

where ¢;(u) denotes the u-th component of eigenvector ¢;. This value captures the extent
to which the node is embedded in the network’s dominant modes of interaction, reflecting
both its position and role within the overall system.

Using this localized energy, we define the Mo(G) index as a sum over all unordered

pair of nodes, formally:
&y + &

Mo(G) = ), d(u,v)’

u#£v

where d(u,v) denotes the shortest-path distance between nodes u and v. This formulation

(11)

aggregates the pairwise energy, assigning more weight to proximal node pairs, and penal-
izing distant connections. The inclusion of d(u, v) ensures that the index reflects not only
the spectral prominence of nodes, but also their structural accessibility within the network.
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Conceptually, Mo(G) captures a trade-off between energy and distance, configurations
where high-energy nodes are centrally connected yield higher index values, indicating a
cohesive and potentially resilient structure. In contrast, fragmented or loosely connected
systems result in lower Mo(G) scores, revealing a loss of integrative capacity.

For a detailed example of the Mo(G) index computation, the reader is referred to
Appendix A.

While the definition of Mo(G) is based on pairwise interactions between all nodes,
it can be elegantly reformulated to reveal the individual contribution of each node. The
following result shows that the Mo(G) index is equivalent to a weighted sum of the node
energies, this provides a powerful node-centric perspective on the index. For the sake of
clarity and brevity, the detailed proofs for all propositions in this section are presented in
Appendix B.

Proposition 1. Let G be a connected graph with set of nodes V(G). Then,

Mo(G) = ), £U<Z d(ulv)> (12)

veV(G) u#v

We now analyze several theoretical properties of the proposed index Mo(G). By ana-
lyzing the behavior of the index under general constraints on node degrees and network
distances, we derive a set of upper and lower bounds. These results offer interpreta-
tive insight into the index’s formulation and establish benchmark inequalities useful for
comparative analysis across different classes of networks.

The concept of network energy was originally introduced by Gutman in the context
of chemical network theory [57]. It quantifies the total oscillatory behavior of a network’s
structure through the eigenvalues of its adjacency matrix. For a network G the total energy
is defined as

E(G) =) |- (13)
i=1

This quantity captures the global spectral content of the network and has been widely
used to assess structural complexity and symmetry.

In the context of the index Mo(G) it is natural to investigate how the total energy £(G)
constrains the overall magnitude of Mo(G). The following proposition establishes upper
and lower bounds for Mo(G) in terms of £(G) and the network diameter.

Proposition 2. Let G be a connected network with n nodes, then

ch’;n(l(;)g(c) < Mo(G) < (n—1)E(G). (14)

For any connected network G with maximum degree A > 1, the node energy ¢, of a
node v is bounded as follows (see [56], Proposition 3.2 and Theorem 3.6)

Vdy
VA

This result allow us to prove the following.

< &y < Vo (15)

Proposition 3. Let G be a connected network with maximum degree A > 1. Then,

inﬁ Vio _ ao(G) < 27\@7“@.

u+
VAL dwo) S = 2 du,0) (16)
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The following result establishes bounds for the index Mo(G) in terms of the well-
known topological index M{(G) named generalized first Zagreb index, evaluated at the
exponent a = % This index was defined in [58] as

MG = Y di= Y drlyanl (17)
ueV(G) uveE(G)

This classical degree-based index reflects the local contribution of nodes degrees to
the structure of the network.

Proposition 4. Let G be a connected network with n nodes, m links, maximum degree A, and
minimum degree 6. Then

\/15 M2(G) + %((Z) —m)] < Mo(G) < M¥2(G) +\/Z<(z> —m). (18)

A well-known distance-based topological invariant is the Harary index, denoted H(G).
This index is defined as 1
H(G) = —_—. (19)
u;y d(u,v)
Originally proposed in [59] as a measure of molecular compactness, the Harary index
captures inverse distance efficiency. It is particularly useful in quantifying the extent of
global communication or proximity within a network.

Proposition 5. Let G be a connected network with maximum degree A and minimum degree

0. Then,
2 %H(G) < Mo(G) <2vVAH(G). (20)
We now derive bounds for the index Mo(G) in terms of the classical Wiener index
W(G), defined as
W(G) =) _ d(u0). (21)
u#v
This topological index was originally introduced by Harold Wiener in 1947 [60] to
model the boiling points of paraffin compounds. It has since become one of the most widely
used descriptors in chemical graph theory.

Proposition 6. Let G be a connected network with n nodes, maximum degree A and minimum

degree 6. Then,
Von?(n —1)? VAR (n —1)2(D +1)?
2V/AW(G) < Mo(G) < 8DW(G) ’ 22

where D = diam(G).

3.3. Study Area and Data Collection

The municipality of Florencio Villarreal (Figure 2) is located in the southern region of
the state of Guerrero, Mexico, along the Costa Chica area and bordering the Pacific Ocean.
Its municipal seat is the town of Cruz Grande, situated at approximately 99°07'24"" west
longitude and 16°43'26 north latitude, slightly northwest of the Equator. The municipality
is bounded to the north by Ayutla de los Libres and Tecoanapa, to the east by Cuautepec
and Copala, to the west by San Marcos, and to the south by the Pacific Ocean. The
average elevation is approximately 30 m above sea level, and its total surface area is
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372.90 km?, accounting for 0.58% of the state’s total area, according to the Municipal
Development Plan [61].

Compendio de informacién geografica municipal de los Estados Unidos Mexicanos
Florencio Villarreal, Guerrero
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Figure 2. Location of the study area. The inset map (top left) shows the municipality of Florencio
Villarreal within the state of Guerrero, Mexico. The main map details the municipality, its localities,
and boundaries. The Cruz Grande Region appears highlighted in yellow (Source: [62]).

To construct the sustainability assessment, a time-series dataset was compiled for
19 environmental indicators covering the period 2010-2023. The data were sourced from
official national databases, ensuring consistency and reliability. Primary sources included
the Agrifood and Fisheries Information Consultation System [63], the Population and
Housing Censuses [64-66], the Sustainable Development Goals Indicators platform [67],
and the National Commission for the Knowledge and Use of Biodiversity [68].

The selection of these indicators was based on their interpretability, variability, and
relevance to the local context. To provide a clear conceptual structure, they were organized
into three thematic categories:

¢  Water management, including metrics on access to piped water, well density, and
wastewater treatment coverage.
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e Land use and solid waste, with indicators such as urban encroachment near water
bodies, waste collection efficiency, and land use balance.

¢ General environmental metrics, covering aspects like CO, emissions per capita, re-
newable energy consumption, and forest cover.

The selection of these 19 indicators was further validated against established interna-
tional and national frameworks, including the Environmental Performance Index (EPI),
the Ecological Footprint Index (EFI), the ISAM index, and the SDGs. As shown in Table 1,
89% of the indicators (17 out of 19) have precedents in these recognized systems, which
enhances the scientific robustness and comparability of our study.

Table 1. Indicators used in the study, their correspondence with global assessment systems, and
primary data sources.

Reference Systems

No. Indicator Primary Source
EPI/ESI EFI ISAM SDG INEGI

L Environmental impact of agricultural activities X X SIACIg(lél(,jFAO,
I Waste generation linked to economic activity X X X SDG 12.4 INEGI
I3 Access to water supply networks X SDG 6.1 INEGI
INEG]I,
Iy Water treatment processes X X X SDG 6.3 CONAGUA
INEG]I,
I Urban settlements near water sources X CONABIO
CONAGUA,
Ig Water stress level X X INEGI
I7 Number of private wells Fleldvxg)cl;t/Local
Ig Renewable energy consumption share X X SDG 7.2 INEGI
Iy Solid waste with adequate final disposal X X X SDG 11.6 INEGI
. . o INEG]I,
Lo Population with safely managed drinking water X X SDG 6.1 CONAGUA
I Proportion of public open spaces X X INEGI
- CONABIO,
P Land use efficiency X X X SDG 15.3 INEGI
I3 Crop yield in irrigated areas X X SIACON
l14 Access to public transport X INEGI
L5 Housing deficit percentage SDG 11.1 INEGI
. . Fieldwork/Local
L Public water service wells
Govw.
o . . INEG]I,
L7 Artificial drainage expansion X CONAGUA
Ig Per capita CO, emissions X X X SDG 13.2 INEGI
™
Lo Forest and jungle coverage change X X SDG 15.1 GOO%EEI?: é;th !

An X signifies the indicator is part of the given reference system.

The indicator for Forest and jungle coverage change (I19) was quantified by analyzing
historical satellite imagery from the Google Earth™ platform, following a visual comparison
method similar to that of Avilés-Ramirez et al. [69]. Polygons representing areas with loss
of vegetation cover were manually digitized for different years. The surface area of these
polygons, obtained from official cartography [66], allowed for the calculation of the annual
and cumulative deforestation rate.

The indicator for Environmental impact of agricultural activities (I;) was estimated by
quantifying four types of pollutants based on annual production records from
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SIACON [63]. Applying the fundamental estimation technique proposed by the FAO [70] and
using emission factors from other international and national bodies [71-74], we calculated
the annual generation of greenhouse gases, solid waste, agrochemical use and water/soil
contamination. Each of these four observed values was then compared against a permissible
or optimal threshold derived from the literature to express its impact as a percentage. The
final value for the main indicator (I;) was determined by averaging these four individual
impact percentages.

Notably, the estimation methods for indicators I1 and 119 are susceptible to introducing
subjective bias. This is particularly relevant for 119, which was derived from a visual
analysis of satellite images.

Furthermore, two innovative indicators were used to capture local water manage-
ment realities often missed by standard composite indicators. Number of private wells
(I7) was included to account for unofficial water extraction, a critical factor in aquifer
overexploitation that remains largely invisible in official statistics [75]. Similarly, Public
water service wells (I14) was designed to move beyond official information and assess the
physical availability of public infrastructure. This address the gap between reported access
and effective, equitable service for all households [76,77].

3.4. Data Validation and Preparation

Recognizing the importance of valid input data, this study, while rooted in official
national and international databases, acknowledges their potential limitations in terms of
representativeness and timeliness. To address this, a three-tiered complementary validation
strategy was implemented. First, a direct institutional relationship between the Universidad
Auténoma de Guerrero and the government of Cruz Grande allowed for the corroboration
of official data with local administrative records and programs. Second, the authors’
more than ten years of personal fieldwork experience in the locality provided firsthand
knowledge to contrast the indicators with observed territorial dynamics. Third, results
from previously published electronic surveys of local inhabitants were integrated [78],
providing empirical support for social and perceptual indicators. Periodic meetings with
residents and collaborating researchers further enabled the triangulation of findings against
independent evidence [79].

This multi-level approach was quantitatively reinforced. A prior study [78] allowed
for the in-situ corroboration of 47% of the individual indicators (I3, I, I5, Is, I7, I1o, I15, L16,
and ;7). For the remaining indicators, a statistical analysis showed coefficient of variation
(CV) values below 15%. This threshold is interpreted as low dispersion, providing evidence
of adequate consistency and reliability in the data, in line with widely accepted criteria in
environmental and experimental sciences [80,81].

Following this comprehensive validation process, the complete dataset—a matrix of
19 indicators over 14 years (2010-2023)—was prepared for analysis. The entire matrix was
standardized using the z-score transformation (Equation (2)) to ensure all indicators were
on a comparable scale. From this standardized data, the Pearson correlation matrix (R)
was computed, which served as the common input for both the temporal and structural
analyses. Together, these validation and preparation steps reduce the uncertainty associated
with using only official data and ensure that the results reflect not only data availability
but also the interpretive richness derived from the interaction between academia, local
government, and the community.

Following this comprehensive validation process, the complete dataset—a matrix
of 19 indicators over 14 years (2010-2023)—was prepared for analysis. Each indica-
tor was standardized across the whole temporal series using the z-score transformation
(Equation (2)). For every variable, its own mean and standard deviation were computed
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over the full 2010-2023 period, ensuring that all yearly observations of that variable share a
common reference benchmark. From this standardized data, the Pearson correlation matrix
(R) was computed as the common input for both the temporal and structural analyses.
This choice of fixed, indicator-specific normalization enhances comparability across
years but may attenuate changes in the overall distribution through time. Such trade-offs
between fixed and time-varying goalposts are a well-known challenge in longitudinal
composite indicators [82,83], and we interpret temporal trends in light of this limitation.

3.5. Calculation of the Regional Environmental Sustainability Index

To ensure the robustness and validity of the analysis, several key statistical assump-
tions and procedures were addressed. First, the suitability of the data for PCA was con-
firmed using two diagnostic tests. The Kaiser-Meyer-Olkin (KMO) measure of sampling
adequacy was calculated to assess the proportion of common variance among the indica-
tors, with an acceptability threshold set at KMO > 0.60, consistent with methodological
recommendations [84,85]. Additionally, Bartlett’s test of sphericity was performed to verify
that the correlation matrix was not an identity matrix, requiring a statistically significant
result (p < 0.05) to proceed. The assumption of linearity was evaluated by comparing
the Pearson (r) and Spearman (p) correlation matrices; pairs of indicators with a notable
divergence (||p| — |r|| > 0.2) were subjected to detailed visual inspection using scatter plots.
The normality assumption was assessed with the Shapiro-Wilk test, and homoscedasticity
was considered addressed by the inherent standardization of the data when using a corre-
lation matrix. Finally, to evaluate the stability of the first principal component (Z;), a 5-fold
cross-validation procedure was implemented. The dataset (n = 14 years) was randomly
split into five subsets, and Z; was re-calculated five times. The stability of the component
was confirmed by examining the consistency of the explained variance, the similarity of
the loading vectors (using cosine similarity), and the coherence of variable importance
rankings (measured with Spearman’s correlation on the absolute values of the loadings)
across the folds [84].

Following these validation procedures, the RESI was calculated as defined in
Section 3.1.1 using Equation (4). The resulting RESI time series was normalized (to mean
0, variance 1) and classified into six qualitative sustainability levels based on standard
deviation intervals, as detailed in Table 2.

Table 2. Qualitative classification based on the normalized RESI.

Sustainability Level Interval of RESI
Very Low RESI < —1.5

Low —1.5 < RESI < —-0.75
Fair —0.75 < RESI < 0
Good 0 < RESI < 0.75
Very Good 0.75 < RESI < 1.5
Excellent RESI > 1.5

3.6. Network Construction and Structural Analysis

In parallel, to explore the systemic structure of the indicators, a network was con-
structed from the same correlation matrix R. In this network, each of the 19 indicators is
represented as a node. An undirected link is established between two nodes if the absolute
value of their Pearson correlation, |r;;|, exceeds a specific threshold, 7. The value of 7 is
methodologically determined by identifying the highest possible threshold that ensures
the resulting network remains fully connected. This approach preserves the core relational
structure while filtering out weaker, potentially noisy correlations.
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Once the network’s adjacency matrix (A) is established, the structural-functional
cohesion index, Mo(G), is calculated as defined in Equation (11). To ensure the result is
not an artifact of the specific correlation threshold () selected, a sensitivity analysis is
performed. This involves re-calculating the Mo(G) index across the predefined interval
[T — 0.05, T) to verify the stability of the structural diagnosis.

To provide a comprehensive characterization of the network’s topology, a suite of
additional metrics will be computed. These include node-level centrality measures (degree,
closeness, betweenness, eigenvector), local and global clustering coefficients, and global
network properties such as diameter, average path length, and modularity, as described in
Section 3.1.2.

All procedures were implemented in Python using the libraries NumPy, pandas, and
NetworkX, with the aid of standard graph traversal and linear algebra routines.

3.7. Computational Study

To investigate how the magnitude of the Mo(G) index responds to varying levels of
structural complexity, we performed a computational study on an ensemble of random
connected networks. The simulation was designed to assess the sensitivity, saturation, and
variability of the index across the full connectivity spectrum, thereby providing a robust
reference framework for interpreting empirical values.

The simulations were conducted on undirected simple networks with n = 19 nodes,

corresponding to the number of environmental indicators under consideration. The net-
2

n’
ensures the possibility of connectivity. This range was discretized with a step of Ad = 0.025,

work density, d, was systematically varied in the range [, 1], where the lower bound
and for each density level, a total of 10% random connected networks were generated
and sampled.

To guarantee connectivity, each network was generated by first constructing a ran-
dom spanning tree and then adding the remaining links uniformly at random until the
target density was achieved. This procedure ensures that the sample space includes only
connected topologies.

For each generated network, the index Mo(G) was computed according to its defini-
tion in Equation (11). Node energy values, ¢,,, were obtained following the spectral method
proposed by Arizmendi et al. [56] and implemented according to the computational guide-
lines outlined by Gutman and Furtula [86]. Eigenvalues and eigenvectors were computed
using the LAPACK subroutine DSYEV, and shortest-path distances, d(u, v), were computed
using a breadth-first search algorithm.

For each density level, summary statistics of Mo(G) (mean, standard deviation, mini-
mum, and maximum) were recorded across the ensemble of sampled networks. To enhance
computational performance, simulations were executed in parallel using OpenMP. All
outputs were stored in a CSV file for subsequent analysis.

4. Results

The analysis began with the examination of the standardized correlation matrix R,
constructed from the selected environmental indicators. As illustrated in Figure 3, the
matrix reveals significant off-diagonal structure, suggesting the presence of robust linear
interdependencies among variables suitable for PCA.

The suitability of this matrix for factor analysis was formally confirmed. The KMO
measure yielded a value of 0.6011, and Bartlett’s test of sphericity was statistically signifi-
cant (x2(171) = 1430.58, p < 0.0001). The assumption of linearity was also supported, with
only 3 of the 171 indicator pairs showing potential non-linearity. While the Shapiro-Wilk
test revealed some deviations from normality, this was not considered an impediment
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given the robustness of PCA to this assumption. Finally, a 5-fold cross-validation proce-
dure confirmed the stability of the principal component, showing consistent explained
variance (mean = 67.7 %, o = 4.5 %) and high similarity of the loading vectors (mean cosine
similarity = 0.974).
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Figure 3. Pearson correlation matrix of standardized sustainability indicators.

Having confirmed the data’s suitability and the component’s robustness, PCA was
applied to calculate the RESI index. The first principal component alone explains a remark-
able 66.85% of the total variance across all 19 indicators, providing a solid foundation for
the index as a synthesis of the system’s dominant dynamic. The evolution of this dynamic
is presented in Figure 4, which shows the normalized scores for the period 2010-2023,
classified into qualitative sustainability bands.

Excellent
Very Good
Good

Fair

Low

Very Low

Normalized ISAM

Figure 4. Normalized RESI values from 2010 to 2023, with qualitative classification bands.
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4.1. Construction of the Indicator Correlation Network

Applying the procedure described in the methodology, the correlation threshold
required to maintain a fully connected network was determined to be T = 0.5203. This
threshold filters for the most significant linear relationships among the indicators.

The resulting network, which captures these core patterns of co-variation, is visualized
in Figure 5. In the figure, each node represents one of the 19 environmental indicators, and
the links (edges) depict absolute correlations stronger than the calculated threshold.

A “‘L N ‘f“\' Yiiis

= A"A"AA‘ NI | G ‘-\‘v ‘\-x!‘\"‘ "V
BN

‘.‘;\ l[‘}\\ v‘ "“’" Al I
L \\\'i.x‘c:“ﬁ»‘«av»@

A

8

|/
=

45
o
A AN
p A
“.‘1>

7
=
AT
RIS
X
A
-
L bs
I
0

\/
/
lg
7'\
)
>4
A
o :,.4
L/ A
2N
S

——————

Figure 5. Correlation-based indicator network constructed with a threshold of T = 0.5203.

4.2. Structural-Functional Cohesion Analysis

To assess the structural-functional cohesion of the indicator network, we computed
the index Mo(G) for the network constructed using a correlation threshold. The resulting
network exhibits a density of d = 0.6199, placing it near the upper-mid-range of the
possible spectrum.

The node energy values, calculated via the spectral decomposition of the adjacency
matrix, are reported in Table 3.
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Table 3. Node energy values for each node in the correlation network.

Node Energy
L 1.330118
I 1.862480
I3 2.341096
Iy 1.797864
Is 2.182959
Is 1.813969
I; 1.619801
Ig 2.227692
Iy 2.003413
Lo 2.068864
Iy 2.232848
Iip 1.137117
Iis 1.567547
La 1.879653
Ii5 2.202442
Iis 2.279910
Ly 2.193959
Lig 2.101862
Ly 1.706783

The corresponding shortest-path distance matrix among all node pairs is shown in
Table 4.

Table 4. Distance matrix among all node pairs in the correlation network.
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Based on these inputs, the structural-functional cohesion index was computed as
Mo(G) = 520.6804 .

Figure 6 illustrates the results of the sensitivity analysis. The plot confirms the robust-
ness of the Mo(G) index, which remains stable and exhibits no abrupt variations across the
analyzed range of thresholds, T € [0.4703,5203), thereby validating the consistency of the
structural diagnosis.
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Figure 6. Sensitivity analysis of the Mo(G) index.

4.3. Global and Centrality Metrics

The indicator network’s global properties are summarized in Table 5. The analysis
reveals a highly interconnected structure with 19 nodes and 106 links, resulting in a high
link density (d = 0.6199). The network is compact, evidenced by a small diameter (4) and a
short average path length (1.64). A high global clustering coefficient (C = 0.8880) indicates
a strong tendency for indicators to form tightly connected groups. Community detection
algorithms identified two distinct modules within the network.

Table 5. Global structural metrics of the correlation-based indicator network.

Metric Value
Number of nodes (1) 19
Number of edges (m) 106
Connected components 1
Network density (d) 0.6199
Diameter 4
Average path length 1.6433
Global clustering coefficient 0.8880
Assortative coefficient 0.3970
Modularity 0.0611

Node-level analysis, detailed in Table 6, identifies the structural importance of indi-
vidual indicators.

Table 6. Node-level centrality and structural metrics.

Node Degree Cp Cc Cs Ce Clustering Triangles Community
L 2 0.1111 0.3333 0.0000 0.0013 1.0000 1 1
I 14 0.7778 0.6667 0.0150 0.2625 0.8571 78 0
I 14 0.7778 0.7500 0.0151 0.2697 0.9121 83 0
Iy 5 0.2778 0.5000 0.0000 0.1016 1.0000 10 0
Is 13 0.7222 0.7200 0.0078 0.2568 0.9615 75 0
Is 15 0.8333 0.7826 0.0359 0.2768 0.8286 87 0
I; 13 0.7222 0.7200 0.0078 0.2568 0.9615 75 0
Ig 1 0.6111 0.7200 0.2941 0.2030 0.8182 45 1
Iy 9 0.5000 0.5625 0.0000 0.1826 1.0000 36 0
Lo 14 0.7778 0.7500 0.0151 0.2697 0.9121 83 0
I 14 0.7778 0.7500 0.0151 0.2697 0.9121 83 0
I 2 0.1111 0.3333 0.0000 0.0013 1.0000 1 1
L 3 0.1667 0.4737 0.2092 0.0156 0.3333 1 1
14 14 0.7778 0.7500 0.0270 0.2640 0.8681 79 0
Lis 13 0.7222 0.6429 0.0029 0.2554 0.9487 74 0
g 14 0.7778 0.7500 0.0151 0.2697 0.9121 83 0
Ly 13 0.7222 0.7200 0.0078 0.2568 0.9615 75 0
g 14 0.7778 0.6667 0.0150 0.2625 0.8571 78 0
Lo 15 0.8333 0.7826 0.0359 0.2768 0.8286 87 0
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4.4. Comparative Analysis

To synthesize the findings from both the temporal and structural analyses, the con-
tribution of each indicator to the respective indices was calculated. Table 7 presents the
normalized importance scores for each indicator across three metrics: the first princi-
pal component (Z1) loading, the contribution to the Mo(G) index, and degree centrality.
Normalizing these values to a common [0, 1] scale allows for a direct comparison of an
indicator’s importance in driving the temporal trend versus its role in maintaining the
system’s structural cohesion.

Table 7. Normalized comparative importance of each indicator.

Indicator Z1 Importance ? Mo(G) Contribution Degree Centrality
L —0.0884 0.0478 0.0000
I —0.9073 0.7163 0.9232
I3 —1.0000 1.0000 0.9232
Iy 0.5805 0.3991 0.2308
I5 —0.9189 0.8753 0.8462
Ig —0.9627 0.7432 1.0000
I 0.9431 0.5769 0.8462
Ig —0.7178 0.8471 0.6923
Io 0.6128 0.6169 0.5385
Lo —1.0000 0.8510 0.9232
Ip —0.9673 0.9407 0.9232
I1p 0.0000 0.0000 0.0000
L3 0.0119 0.2480 0.0770
T4 0.9819 0.7474 0.9232
I15 —0.8058 0.8600 0.8462
Iis —0.9769 0.9665 0.9232
Ly —0.9427 0.8811 0.8462
I1s —0.9623 0.8446 0.9232
Lo 0.9412 0.6826 1.0000

2 The Z; Importance is calculated by normalizing the absolute value of the Z; loadings to the [0, 1] range to reflect the
magnitude of influence. The original sign (positive/negative) is preserved to indicate the direction of the relationship.

4.5. Simulation Results

The behavior of the index Mo(G) across all sampled network densities is summarized
in Figure 7. The data exhibit a distinct nonlinear growth pattern, characterized by rapid
initial increases followed by a gradual saturation and slight decline at higher densities.
Starting from an average of approximately 149.39 at a density of 0.10, the index rises
steadily, reflecting the progressive enrichment in structural connectivity as more links
are added to the network. The mean value peaks at 685.93 near a density of 0.80, after
which it slowly decreases, reaching 642.66 at a density of 1.00, the value associated with the
complete network.

The standard deviation of Mo(G) follows a similar trend, increasing with density up
to a maximum of 10.24 at a density of 0.65, and subsequently declining as the network
becomes more uniform. This behavior suggests that the index is particularly sensitive to
the diversity of network configurations in the intermediate density range. At low densities,
the variability is driven by the broad range of sparse but connected topologies. In contrast,
as density approaches unity, the network structure becomes increasingly regular, leading
to convergence in both shortest path lengths and node energies.

Across the full range of simulations, the minimum observed value of the index was
116.67, recorded at a density of 0.10, while the maximum value reached 775.10 at a density
of 0.75. These extremes illustrate the capacity of the index to differentiate between poorly
integrated and highly cohesive network structures. The wide spread of values in the inter-
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mediate densities reflects the combinatorial richness and structural variability of partially
connected networks.
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Figure 7. Observed behavior of the index Mo(G) as a function of network density. The solid blue
line represents the empirical mean across 10% random connected networks per density level. Dashed
orange and red lines indicate the minimum and maximum observed values, respectively. The shaded
region corresponds to one standard deviation around the mean.

Notably, the region d € [0.20,0.75] marks a transitional phase where Mo(G) grows
rapidly and its variability remains high. This interval corresponds to the most pronounced
structural transformations in the network, where the addition of links significantly enhances
global cohesion. Beyond this range, further increases in density yield diminishing returns
in terms of structural-functional integration, as reflected in the stabilization and eventual
decline of the index.

To support the interpretation of empirical values of Mo(G), we propose a qualitative
classification that reflects the degree of structural integration within the network. This
scheme is based on the empirical range of values obtained from simulations with n = 19
vertices and is consistent with the nonlinear growth and saturation behavior observed
at higher densities. Table 8 summarizes this framework, in which different intervals of
the index are associated with qualitative descriptors ranging from Very Poor to Excellent.
These categories serve as a heuristic guide for evaluating the relative connectivity and
organization of real-world systems in comparison with randomized connected networks of
the same size.

Table 8. Qualitative classification based on the index Mo(G) for networks with n = 19 vertices.

Qualitative Level Interval of Mo(G)
Very Poor Mo(G) < 350

Poor 350 < Mo(G) < 450
Fair 450 < Mo(G) < 550
Good 550 < Mo(G) < 650
Very Good 650 < Mo(G) < 750

Excellent Mo(G) > 750
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5. Discussion
5.1. Interpretation of the RESI Trajectory

The 14-year trajectory of the RESI tells a clear story of progressive environmental
decline, tracing the locality’s path from a period of relative stability to one of systemic
crisis. This evolution reveals not a single event, but a series of interconnected pressures that
gradually eroded the region’s socio-ecological resilience. The narrative can be understood
in four distinct phases.

Between 2010 and 2012, the locality of Cruz Grande exhibited strong sustainability
performance, with RESI values consistently falling within the Very Good range. This
favorable condition reflected a confluence of efficient water governance, low per capita
emissions, and high reforestation rates. These achievements were sustained by planned
urban settlements, broad potable water coverage, and relatively stable ecological processes.

The decline began in 2013 and continued through 2015, during which the index
dropped to the Fair range. This stage was marked by rapid urban expansion—often
into aquifer recharge zones—an increase in untreated wastewater, and the weakening
of environmental programs due to political transitions. Early droughts also contributed
to yield reductions in irrigated agriculture, while fragmented planning led to increased
pressure on natural systems.

From 2016 to 2018, the index continued its slow descent while remaining in the Fair
range. During this period, systemic cohesion weakened, as evidenced by a sharp decline
in the correlation between land-use and water indicators. Access to safe drinking water
dropped significantly, leading to a rise in gastrointestinal illnesses, and deforestation rates
increased while reforestation efforts became largely symbolic.

The years 2019 to 2023 saw a severe deterioration in performance, culminating in the
lowest index value in 2023. This phase was shaped by overlapping crises: the COVID-19
pandemic caused infrastructural collapse, a spike in hazardous waste, and a slowdown
in public environmental services. Simultaneously, prolonged droughts led to drastic
reductions in crop productivity and a rise in poverty. The locality’s reliance on non-
renewable energy deepened, while CO, emissions per capita surged to critical levels.

The evolution of the index over this 14-year period reveals that temporary recoveries
merely masked deeper vulnerabilities. The gradual disintegration of water—soil-energy
linkages was a key driver of the systemic decline. Any sustainable recovery must focus on
restoring these lost synergies and addressing the chronic governance and infrastructure
gaps that allowed the sustainability profile to erode over time.

5.2. Interpretation of the Mo(G) Value

This value falls squarely within the Fair category of structural integration, according
to the classification proposed in Table 8 (see Figure 8). Notably, it lies close to the minimum
observed value at its density level within the simulated benchmark ensemble (min = 509.91,
mean = 637.88 at d = 0.625).

The relatively low structural-functional cohesion observed in the network, despite its
moderate-to-high density, suggests a misalignment between local connectivity and global
integrative capacity. That is, while the indicators are statistically interrelated (as evidenced
by a large number of significant correlations), their structural arrangement does not favor
an efficient distribution of influence across the system.

In spectral terms, this manifests as a dispersion of nodal energy values that is insuf-
ficiently channeled through short paths. Several nodes with high spectral prominence
remain positioned at considerable topological distances from each other, diluting the aggre-
gate pairwise energy-weighted closeness that defines Mo(G). Consequently, the system
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exhibits a form of latent fragmentation, where redundancies and peripheral links prevail
over cohesive cores.
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Figure 8. Colored horizontal bands indicate qualitative classification levels according to Table 8. The
studied case (d = 0.6199, Mo = 520.6804) is marked as a black dot. The color Legend is as in Figure 4.

From a policy perspective, this result raises concerns. A territorial system with low
structural-functional cohesion may suffer from limited resilience to systemic shocks, inef-
ficient feedback among components, and a lack of synergies between key sustainability
dimensions. In such contexts, decision-makers might consider re-evaluating indicator selec-
tion, improving data granularity, or exploring modular interventions aimed at enhancing
integrative structure.

The comparison with the benchmark ensemble reinforces the singularity of this config-
uration. While most synthetic networks of comparable density achieve significantly higher
values of Mo(G), the studied case emerges as an outlier. This indicates that its structural
limitations are not a generic consequence of sparsity, but rather a reflection of the specific
topology induced by the underlying indicator correlations.

These findings highlight the relevance of network-based diagnostics in sustainability
analysis. Beyond the classical aggregation of indicator scores, the structural-functional
cohesion index offers a complementary lens to detect inefficiencies in systemic structure
that may hinder coherent territorial planning.

5.3. Integrated Analysis of the Network Structure

The analysis of the environmental indicator network provides a multidimensional
perspective on systemic cohesion. A conventional structural analysis, relying on traditional
metrics, would suggest the system is robust and well-integrated. For instance, the positive
assortativity coefficient (r = 0.3970) points to a resilient core of interconnected hubs, the
extremely high global clustering coefficient (C = 0.8880) indicates strong local cohesion,
and the very low modularity (Q = 0.0611) suggests the network resists fragmentation
into separate communities. Taken together, these metrics portray a system with seemingly
strong internal connectivity.

However, the structural-functional cohesion index Mo(G) offers a starkly different and
more nuanced diagnosis. Despite the indications of robustness from the metrics mentioned
above, the index value of Mo(G) = 520.68 places the network merely in the Fair category.
This contrast highlights a key limitation of conventional metrics; while they effectively map
patterns of connectivity, they may overlook deeper functional fragmentation. The Mo(G)
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index, by weighting these connections by node energy and proximity, reveals that the
network’s apparent structural cohesion does not translate into effective global integration.

Crucially, this more critical diagnosis provided by the Mo(G) index is consistent with
the region’s observed environmental performance. The RESI shows a marked decline
from 2013 to 2023 (see Figure 4), reflecting a tangible weakening of systemic performance.
This trend is corroborated by specific negative outcomes, such as decreased access to
safe drinking water, accelerated forest cover loss, and rising per capita CO, emissions.
These dynamics validate the spectral analysis, confirming that the Mo(G) index captures
real-world vulnerabilities that the other metrics did not fully reveal.

The reason for this discrepancy lies in the distribution of influence within the net-
work. High connectivity does not guarantee functional cohesion if the most influential
nodes, as the node-level analysis reveals, are not positioned to act as effective integrators.
Their impact can remain concentrated within local clusters, limiting their ability to foster
global cohesion.

From a policy perspective, this insight is critical. Relying only on conventional metrics
could lead to a false sense of security about the system’s resilience. Our findings demon-
strate that effective governance requires moving beyond managing isolated indicators
towards strategies that intentionally build functional bridges between different domains.
This enhances the system’s overall structural-functional integration, a property captured
by our index Mo(G).

5.4. Relative Importance of Indicators

The comparative analysis in the normalized Table 7 allows for a micro-level diagnosis
of the system. It reveals the distinct roles played by each indicator in both the temporal
decline and the structural (in)efficiency of the network.

A small set of indicators emerges as the true backbone of the system, scoring highly
across all metrics. For example, I3 (Access to water supply networks) and I;4 (Public water
service wells) exhibit strong negative Z; loadings (—1.0000 and —0.9769, respectively),
meaning their improvement is strongly associated with better sustainability outcomes.
Crucially, they also have among the highest contributions to structural-functional cohesion
(1.0000 and 0.9665, respectively) and are highly connected (a normalized degree centrality
of 0.9232). These indicators are not just important in theory; they are central pillars that
influence both the system’s performance and its structural integrity.

The analysis also identifies indicators that act as major hubs but whose influence on
structural-functional cohesion is less than their connectivity suggests. I, (Water stress level)
and I19 (Forest and jungle coverage change) have the highest normalized degree centrality
(1.0000), making them the most connected nodes. However, their contribution to the Mo(G)
index is more modest (0.7432 and 0.6826, respectively). This suggests they function as “local
organizers” that connect many variables but are less critical for maintaining the efficient,
global integration of the system compared to the true systemic backbone.

Perhaps the most critical finding is the identification of indicators that are actively
driving the system’s negative performance. I14 (Access to public transport), I;9 (Forest
and jungle coverage change), and Iy (Number of private wells) all have strong positive Z;
loadings (0.9819, 0.9412, and 0.9431, respectively). This indicates that as these variables
increased, the overall sustainability index declined. The network analysis reveals that these
problem indicators are not isolated. In fact, they are highly connected within the system
(with normalized degree centralities greater than 0.84). Their high connectivity provides
a structural pathway for their negative influence to spread easily, making them essential
targets for policy intervention.
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Finally, the analysis confirms the existence of a functionally isolated periphery. Indica-
tors I; (Environmental impact of agricultural activities) and I;; (Land use efficiency) have
negligible Z; loadings (normalized importance scores of —0.0884 and 0.0000, respectively)
and the lowest contributions to both structural cohesion and connectivity (with all other
normalized scores near 0.0000). They operate largely independently of the core dynamics
governing the system’s decline, making them less relevant for understanding the primary
feedback loops. This distinction, made possible by the hybrid analysis, allows for a more
focused and strategic approach to managing the system.

6. Conclusions

This study reveals that the environmental sustainability of Cruz Grande, Guerrero,
is in a critical situation. Its system of indicators, apparently well interconnected, suffers
from profound structural and functional fragility. It is this weakness that has caused its
sustained decline. By combining a temporal performance analysis with network theory,
this research goes beyond traditional studies to uncover the hidden vulnerabilities that
undermine the locality’s resilience.

There are two findings that support this conclusion. First, the RESI trajectory docu-
ments a clear and sustained deterioration in environmental performance observed between
2010 and 2023. This decline was characterized by the progressive erosion of vital syner-
gies between water management, land use, and energy consumption, confirmed by data
and field observations. Second, network analysis reveals the root cause of this fragility.
Although the indicator network has a relatively high density (d = 0.6199), our study, with
a Mo(G) value of 520.6804, places it in a merely Fair category, with significantly lower
performance than networks of similar density. This disparity demonstrates that mere
statistical connectivity does not guarantee structural-functional cohesion.

From a methodological point of view, this research presents a framework that matches
the “what” of the decline (identified through PCA) with the “why” (explained through
network analysis). The Mo(G) index is presented as a measure of systemic structural—
functional cohesion that complements and, in this case, explains the conclusions drawn
from conventional metrics. The index proved to be mathematically robust, as its relationship
with established indices in network theory was validated. Furthermore, computational
simulations demonstrated its stable behavior across synthetic networks of varying densities,
a process that enabled the development of the qualitative classification bands offered in
this study as a practical tool for interpreting its results in other contexts.

From a public policy perspective, these findings call for a shift from sectoral solutions
to integrated planning. The main challenge for Cruz Grande is not the lack of relationships
between the indicators analyzed but their poor structural configuration. Our comple-
mentary analysis provides a nuanced roadmap for comprehensive intervention that goes
beyond centrality to identify functions other than indicators. Effective governance must
first focus on strengthening the backbone of the system, indicators such as I3 (Access to
water supply networks) and 116 (Public water wells), which are essential in both time
trend and structural-functional cohesion analyses. At the same time, policy must address
the main factors of decline, such as I14 (Access to public transportation) and I7 (Number
of private wells). Given their high connectivity, interventions to mitigate their negative
impact would have positive ripple effects across the network. Finally, functionally isolated
indicators, such as I1 (Impact of agricultural activities) and I12 (Land use efficiency), require
a specific approach, perhaps managing them as a separate subsystem rather than forcing
their integration into an already-inefficient system.

However, it is wise to recognize the limitations of the study associated with the data.
Reliance on official data sources can present challenges in terms of accuracy and timeliness.
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To mitigate this limitation and ensure the contextual validity of the data, a rigorous three-
level validation process was implemented to ensure the contextual validity of the indicators.
Future work will focus on continuing to refine these metrics and applying this methodology
to other regions of the state for comparative analysis.

Similarly, the implementation of these recommendations faces practical barriers. The
use of Network Theory may hinder its adoption by decision-makers who are unfamiliar
with this theory. To overcome this obstacle, it is necessary to develop intuitive tools and
interpretive guides that translate the results into applicable diagnoses.

The transition to integrated planning also requires overcoming institutional barriers,
such as administrative fragmentation, through participatory governance strategies. In this
regard, the collaboration established with the local government of Cruz Grande is a key
step. As a practical result of this partnership, a software tool will be delivered to the local
administration. This tool is designed to enable policymakers to identify the most important
indicators for the structural-functional cohesion of the system and determine which links
should be strengthened or weakened to improve the overall structure of the network and
thus promote the environmental sustainability of the region. The basic algorithms of this
diagnostic tool are provided in pseudocode in Appendix C.
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Appendix A. Example

To illustrate the calculation of the Mo(G) index, we construct a connected network con-
sisting of 7 = 19 nodes and m = 18 links. This example allows for an explicit examination
of the spectral and topological components that define the index.

Figure Al shows the structure of the example network. Each node is labeled v; for
i=1,...,19.

Based on this configuration, we computed the adjacency matrix and the eigenvalues
and eigenvectors to obtain the node energies according to Equation (10). The resulting
values, are presented in Table A1l. These energies reflect the contribution of each node to
the global spectral profile of the network, with higher values indicating nodes that are more
structurally embedded or influential.
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Figure Al. Example network used to compute the index Mo(G).

Table Al. Node energy values ¢, for each node in the example network.

Node v; Energy &,
(4] 1.704420
(%) 1.051103
v3 1.643572
(N 1.585851
U5 1.641706
6 1.068823
vy 1.673259
ug 1.073220
09 1.633139
010 1.669713
011 0.612690
012 0.612690
013 0.664017
V14 0.664017
015 0.705714
16 0.853167
017 0.713735
018 0.660393
019 0.723364

Intuitively, a node’s energy measures its “importance” within the network’s struc-
ture. A node with high energy, such as v; (1.705) and v (1.673), is not only well-
connected but is positioned in a way that significantly influences the global properties
and stability of the entire network. Conversely, a node with low energy like v11 and
012 (0.613) is structurally peripheral.

Simultaneously, we computed the shortest-path distance between all pairs of nodes
using standard network traversal algorithms. The corresponding distance matrix is shown
in Table A2. These distances serve to weight the energy contributions in the definition
of Mo(G).

The diagonal of the distance matrix (from v; to vy, etc.) contains zeros because the
distance from a node to itself is, by definition, zero. No steps are required to travel from a
node to itself.

Combining the information from both Tables Al and A2; and following Equation (11), we
compute the contribution of each unordered pair of nodes to the index Mo(G). These pairwise
terms are shown in Table A3, where each entry represents the value (e, + €)/d(u,v) for the
corresponding node pair.

The table of contributions is presented as an upper triangular matrix because the
calculation is symmetrical. The contribution of the pair (vq,v;) is identical to that of the
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pair (v2,v1). To avoid redundancy in the display and double-counting during summation,
only the contributions for unordered pairs {u, v} are calculated and shown.

Table A2. Shortest-path distance matrix d(u, v) among all node pairs in the example network.

vy 2] v3 2 U5 Vg vy vg vy Vi) U1 U1z V13 U4 V15 U V17 Ui U1
vq 0 1 2 3 4 5 6 7 8 9 1 1 10 10 3 4 5 6 9
(23 1 0 1 2 3 4 5 6 7 8 2 2 9 9 2 3 4 5 8
U3 2 1 0 1 2 3 4 5 6 7 3 3 8 8 1 2 3 4 7
[N 3 2 1 0 1 2 3 4 5 6 4 4 7 7 2 1 2 3 6
U5 4 3 2 1 0 1 2 3 4 5 5 5 6 6 3 2 1 2 5
Ug 5 4 3 2 1 0 1 2 3 4 6 6 5 5 4 3 2 1 4
vy 6 5 4 3 2 1 0 1 2 3 7 7 4 4 5 4 3 2 3
vg 7 6 5 4 3 2 1 0 1 2 8 8 3 3 6 5 4 3 2
) 8 7 6 5 4 3 2 1 0 1 9 9 2 2 7 6 5 4 1
10 9 8 7 6 5 4 3 2 1 0 10 10 1 1 8 7 6 5 2
U11 1 2 3 4 5 6 7 8 9 10 0 2 11 11 4 5 6 7 10
12 1 2 3 4 5 6 7 8 9 10 2 0 11 11 4 5 6 7 10
013 10 9 8 7 6 5 4 3 2 1 11 11 0 2 9 8 7 6 3
V14 10 9 8 7 6 5 4 3 2 1 11 11 2 0 9 8 7 6 3
015 3 2 1 2 3 4 5 6 7 8 4 4 9 9 0 3 4 5 8
V16 4 3 2 1 2 3 4 5 6 7 5 5 8 8 3 0 3 4 7
17 5 4 3 2 1 2 3 4 5 6 6 6 7 7 4 3 0 3 6
v1g 6 5 4 3 2 1 2 3 4 5 7 7 6 6 5 4 3 0 5
019 9 8 7 6 5 4 3 2 1 2 10 10 3 3 8 7 6 5 0

Table A3. Pairwise contributions (e, + €»)/d(u,v) to the index Mo(G) in the example network.

41 (2] v3 (21 (] (43 vy vg (23 vip Yn VU2 V13 U4 U5 U V17 Ui U9
vy - 276 167 110 084 055 056 040 042 037 232 232 024 024 08 064 048 034 0.27
(73 - 269 132 09 053 054 035 037 031 08 08 019 019 088 063 044 029 0.22
U3 - 323 164 090 083 054 055 047 108 1.08 029 029 235 125 079 046 034
[N - 323 133 109 066 064 053 105 105 032 032 115 244 115 056 0.38
U5 - 2.71 166 090 082 066 045 045 038 038 078 125 236 077 047
Vg - 274 107 09 068 028 028 035 035 044 064 089 086 045
vy - 275 165 111 033 033 058 058 048 0.63 080 233 0.80
vg - 2.71 1.37  0.21 0.21 058 058 030 039 045 0.87 0.90
[ - 330 025 025 115 115 033 041 047 076 236
10 - 023 023 233 233 030 036 040 058 1.20
U11 - 0.61 012 012 033 029 022 016 0.13
12 - 012 012 033 029 022 016 0.13
013 - 066 015 019 020 026 046
V14 - 015 019 020 026 046
015 - 052 035 023 018
V16 - 0.52 030 023
017 - 034 024
018 - 0.35
v19 -

The values presented in Table A3 reveal a clear differentiation in the magnitude of
contributions among node pairs. Notably, the largest terms correspond to nodes that
are both energetically significant and topologically close. For example, the pair (v3,v4)
yields the highest contribution (3.23), driven by the combination of strong node energies
(€0, = 1.644, €5, = 1.586) and a minimal path length of 1. Similarly, pairs such as (v4, v5)
and (v, v19) also exhibit high contributions due to their favorable spectral and spatial
properties. In contrast, distant and weakly energetic nodes, such as (v1,v19) or (v11, v14),
contribute far less to the total index.

Summing all unique pairwise terms yields the final value of the index for this illustra-
tive example,

Mo(G) = 131.3424.

The final value, Mo(G) = 131.3424, represents the total structural-functional cohesion
of the network. A higher value would indicate a more “efficient” network, where important
nodes (those with high energy) are very close to one another. A lower value would suggest
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a more fragmented structure, where important nodes are topologically distant. This value
by itself is useful for comparing different networks; for a qualitative interpretation, it
must be compared against the benchmark values obtained from a computational study
or empirical results. For this sample network, the Mo(G) value falls into the “Very Poor”
category, near the minimum observed value in Section 4.5. This indicates that the network
is highly fragile and suboptimally structured.

Appendix B. Proofs of Theoretical Results

Proof of Proposition 1. We begin with the definition of the Mo(G) index, which is a sum
over all unordered pairs of distinct nodes {u,v} C V(G). We can rewrite this sum and
regroup the terms by each node. Let V(G) = {vy,...,v,}, then

MO(G) _ Z Su +Ev
u;év

1<i<j<n

_ Ey;
_Zd +Zd

1<i<j<n (Ull U]) 1<i<j<n (Uz/ ?)])

£y,
Yj

In this form, the expression consists of two symmetric sums. We can combine them by
regrouping the terms for each mode v, where k ranges from 1 to n. For a given node vy, its
energy &, appears in the sum whenever it is paired with any other node v; (where i # k).

ol £ )
p— s — .
=\ d (o v)

This final expression is a sum over the nodes of the graph. Removing the explicit numbering,
we can write the result for any node v € V(G)

Mo(G)= ) & ( ) >
veV(G) u#o d u v
which completes the proof. [
Proof of Proposition 2. Let V(G) = {v1,...,v,}. By definition of the index,

SU,’ + S?}j

Mo(G)= )| a0,0)°

1<i<j<n

Since the network is connected, we have 1 < d(v;,v;) < diam(G) for all i # j. It

follows that
&y, + €o; &y, + €o;

diam(G) ~ d(v;,v})

< gy, +€v

Hence,
1

diam(G) o T

1<z<]<n

We now evaluate the sum } ;<

w1, B
(o

) (sv,.—i-svj): Y e+ ) €;-

1<i<j<n 1<i<j<n 1<i<j<n
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In the first sum, each &,, appears exactly n — i times (once for each j > i), and in the second
sum, each &, appears j — 1 times (once for each i < j). Therefore,

n n
Z (svi—i—svj) = Zsyi(n—i)—b—z(c,vj(j—l).
1<i<j<n i=1 =1

Combining both terms, we obtain,

Y (svi —l—svj) = isvk((rz —k)+(k—=1)) = isvk(n —1).
k=1 k=1

1<i<j<n
Thus, the index satisfies,

(n—1) &

n
stgMo )g(n—l)st.
diam(G k =

O

Proof of Proposition 3. By Equation (15), for any node pair u # v,

1
ﬁ(\/du‘f' \/dv) <ey+ey < Vdy+Vdy.
Dividing by d(u, v), we obtain

1 \/E+\/E<€u+sv<m+m
VA dwo) T dwo) © d(uo)

Summing over all unordered pairs of distinct nodes {u, v}, yields the desired bounds. [J

Proof of Proposition 4. From Proposition 3 we know that

Vi +\dy Vi 4+ dy
\Fu;v d(u,v) _MO(G)SMQW'

We now split the sum over all unordered pairs of distinct nodes into two parts, those that
form edges and those that do not.

y I VE e Ve

"o d(u,v) d(u,v) d(u,v)

uveE(G) uv¢E(G)

If uv € E(G) thend(u,v) = 1, and the first sum becomes

Y (it Vi) = MG

uveE(G)

On the other hand, for uv ¢ E(G) we have 2 < d(u,v) < diam(G). Also, since
0 <d,,d, <A, itfollows that

2V6 < \dy +/dy <2VA.

We now estimate the second sum. For the upper bound,

e g () o)

uv¢E(G) uv¢E(G)
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For the lower bound,

y Vi +Vdy 2V/6 (<n>_m>

Wi E(G) d(u,v) — diam(G) \ \2

Combining these estimates, we obtain the desired inequalities. [

Proof of Proposition 5. Note that for all node pair u # v,
2V5 < Vdy + Vdy < 2VA.

So, dividing by d(u,v), we get

1 Vi, +Vdy 1
2V d(u,v) = d(u,v) <2VA- d(u,v)’

Summing over all unordered pairs of distinct nodes {u, v}, we obtain

1 vy + Vdy 1
2\/31;} d(u,v) = u;y d(u,v) = 2\/Ku§v d(u,v)

The result follows from Proposition 3. O

Proof of Proposition 6. For the lower bound, we first apply the Cauchy-Schwarz inequal-
ity to the sequences a; = d(u,v) and b; = 1/d(u,v), where the index i runs over all
unordered node pairs {u,v} C V(G). The inequality states that

o)) w

Applying this inequality, we obtain

2 2
- Bty (£ ) <)

u#v u#v u#v
This yields the bound
n?(n —1)?
>~ 7
H(C) 2 =W

Combining this result with the lower bound for Mo(G) given in Equation (20), we

l’l2 n— 2
Mo(G) > 2\/§H(G) > M.

For the upper bound, we use the Kantorovich inequality, which states that if a5, ..., ak

conclude that

are positive real numbers such that » < a; < R for all i, then
k k 212
.Z a; Z l < M, (A2)
with equality if and only if ¥ = R. In our setting, we apply this to the values a; = d(u, v),
withr =1, R = D, and k = (3), obtaining

n?(n—1)>2 2
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Therefore,
H(G) < n?(n—1)>(D+1)?
= 16DW(G)
Substituting this into the upper bound from Equation (20), we arrive at
VAR (n—1)%(D +1)?
Mo(G) < 2vVAH(G) < :
O

Appendix C. Algorithms
Algorithm A1 Ranking Nodes by Contribution to Systemic Cohesion (Mo(G))
Require: A connected graph G = (V,E).
Ensure: A list of nodes Lysked, sorted in descending order by their contribution to Mo(G).

1: procedure RANKBYMOCONTRIBUTION(G)

2: > 1. Compute base metrics

3 € < VertexEnergies(G).

4: D <+ DistanceMatrix(G) .

5: > 2. Calculate Mo(G) contributions

6: Initialize an empty map Cy, to store contributions.

7 for eachnodev € V do

8 So ¢ Luevuto DlTu > Sum of inverse distances

9: CMo(0) = €5 X Sy > Contribution of node v
10: end for
11: > 3. Sort nodes by their calculated contribution

12: Lyanked < SortDescending(V, by Cyo)
13: return L anked
14: end procedure

Algorithm A2 Structural Optimization for Cohesion (Mo(G))

Require: A connected graph G = (V,E).
Ensure: Two sorted lists: Loggitions @Nd Lremovals-
1: procedure OPTIMIZECOHESIONMOG(G)

2 Moipitial ¢ Mo(G)
3 Ladditions Sz
4: Liemovals < @
5: > 1. Evaluate edge additions
6: Epotential — {(u,v) | u,v e V/” 7& o, (u,v) é E}
7 fora € Epotential dO
8 G« (V,Eu{a})
9: AMo + MO(G/) — Moinitial
10: if AMo > 0 then
11: Append (a2, AMo) to L,dditions
12: end if
13: end for
14: > 2. Evaluate edge removals
15: fors € Edo
16: G« (V,E\{s})
17: if IsConnected (G’) then
18: AMo + MO(G/) — Mojpitial
19: if AMo > 0 then
20: Append (s, AMo) t0 Lyemovals
21: end if
22: end if
23: end for
24: > 3. Sort results

25: Ladditions ¢~ SortDescending(Ladditionsrby AMO)
26: Lyemovals < SortDescending(Lyemovats, by AMo)
27 return {Ladditionsr Lremovals}

28: end procedure
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