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1 Introduction

Integral inequalities are used in countless mathematical problems such as approximation
theory and spectral analysis, statistical analysis, and the theory of distributions. Studies
involving integral inequalities play an important role in several areas of science and engi-
neering.

In recent years there has been a growing interest in the study of many classical inequal-
ities applied to integral operators associated with different types of fractional derivatives,
since integral inequalities and their applications play a vital role in the theory of differential
equations and applied mathematics. Some of the inequalities studied are Gronwall, Cheby-
shev, Hermite—Hadamard-type, Ostrowski-type, Griiss-type, Hardy-type, Gagliardo—
Nirenberg-type, Jensen-type, Opial-type, Milne-type, reverse Minkowski, and reverse
Holder inequalities (see, e.g., [1, 3, 4, 7-9, 11, 12, 14-20]).

In this work we obtain new Milne-type inequalities, and we apply them to the general-
ized Riemann-Liouville-type integral operators defined in [2], which include most of the

known Riemann-Liouville integral operators.

2 Preliminaries
One of the first operators that can be called fractional is the Riemann-Liouville fractional

derivative of order @ € C, with Re() > 0, defined as follows (see [6]).
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Definition 1 Let a < b and f € L!((a, b);R). The right- and left-side Riemann—Liouville
fractional integrals of order a, with Re(a) > 0, are defined, respectively, by

RLye £(2) = ﬁ/ (t—s)*"'f(s)ds, 1)
and
b
RLye £(¢) = ﬁ /t (s—1)* " f(s)ds, @)

with ¢ € (a, b).

When « € (0, 1), their corresponding Riemann—Liouville fractional derivatives are given
by

RL 1y _iRLl—rx _ 1 i Lofls)
(105f)0 = (IO = 5 | e

1 d (" £
Tl-a)dt), (s—t)»

d
(D)) =~ (Tf(0) =
Other definitions of fractional operators are the following ones.

Definition 2 Let a < b and f € L'((a, b); R). The right- and left-side Hadamard fractional
integrals of order a, with Re(a) > 0, are defined, respectively, by

t a-1
H;ﬁf(t):ﬁ / <10g§) @ds, 3)

and

. 1P s\ fs)
bff(t) = m /t <]Og 2) T dS, (4')

with ¢ € (a, b).

When o € (0, 1), the Hadamard fractional derivatives are given by the following expres-

sions:

H o _ i 1-a _; i t E 70[&
("DGf)0) = £, (Hef @) = F(l—a)tdt/a (k)gS) s

; 2 (i LN A ONEARC)
(D)= G 0) = e [ (102]) e
with ¢ € (a, b).

Definition 3 Let 0<a < b, g: [a,b] — R be an increasing positive function on (g, b] with
continuous derivative on (a, b), f : [4,b] — R an integrable function, and « € (0, 1) a fixed
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real number. The right- and left-side fractional integrals in [10] of order « of f with respect
to g are defined, respectively, by

g $)f (s)

e, = 5
077G e w-go™ ®
and
i ZG)f)
10 5 / el (6)

with t € (a, b).

There are other definitions of integral operators in the global case, but they are slight

modifications of the previous ones.

3 General fractional integral of Riemann-Liouville type
Now, we give the definition of a general fractional integral in [2].

Definition 4 Leta <b and ¢ € R*. Let g: [4,b] — R be a positive function on (g, b] with
continuous positive derivative on (a,b), and G : [0,g(b) — g(a)] x (0,00) — R a continuous
function that is positive on (0,g(b) — g(a)] x (0, 00). Let us define the function T : [a, b] x
[a,b] x (0,00) — R by

G(lg(?) —g(s)l,a)‘

T(t,s,a) = 70

The right and left integral operators, denoted, respectively, by J7 . and J7 -, are defined
for each measurable function f on [a, b] as

« O]

Jra:f () =  Twsa) ds, (7)
o 3 b f(s)

Jrp-f(t) =  Tesa) ds, (8)

with ¢ € [a, b].
We say that f € L.[a, b] if J7 . [f1(2), J7 - [f(£) < oo for every t € [a, ].

Note that these operators generalize the integral operators in Definitions 1, 2, and 3:
(A) If we choose

glt)=t, Gx,a) = T(a)x'™, T(t,s, o) = T(a)|t — 5|79,
then ];"~ﬂ+ and ]%,b— are the right and left Riemann-Liouville fractional integrals RL];’Q and

RLy2 in (1) and (2), respectively. The corresponding right and left Riemann-Liouville frac-

tional derivatives are

(RLDZJrf) (t) _ (RL]I otf(t)) (RLDot f) (t (RL]l}raf(t)).



Bosch et al. Journal of Inequalities and Applications (2023) 2023:3 Page 4 of 18

(B) If we choose

l-a

t
g(t) =logt, G(x, ) = T(a)x' ™%, T(t,s,a) =T (a)t|log -
s

then ]%m and ]%,h— are the right and left Hadamard fractional integrals H¢, and H} in (3)
and (4), respectively. The corresponding right and left Hadamard fractional derivatives

are

d
("D5f)(@0) = t— C(Hf@), ("Dyf)© =t (Hf(0)).
(C) If we choose a function g with the properties in Definition 4 and

lg(6) — g(s)]™

G(x, o) = T(a)x™9, T(t,s,a) = T'(x)
g's)

then J7 . and 7, are the right and left fractional integrals [ ot and I b_ in (5) and (6),

respectively.

Definition 5 Let a < b and o € R*. Let g: [a,b] — R be a positive function on (a, b] with
continuous positive derivative on (a,b), and G : [0,g(b) — g(a)] x (0,00) — R a continuous
function that is positive on (0, g(b) — g(a)] x (0,00). For each function f € L}.[a, b], its right

and left generalized derivative of order a are defined, respectively, by

1 d
D(;",a*f(t) = /(t) E(]Zl"j;*f(t))¢
)
D(;bf(t) /(t) dt(]TI"baf(t))

for each t € (a, b).

Note that if we choose
glt)=t Gx, ) = T()xt™, T(t,s,o) = ()|t — 5|79,

then DY, . f(t) = ®*“D2,f(t) and D%, , f(t) = *“D§_f(t). Also, we can obtain Hadamard and

others fractional derivatives as particular cases of this generalized derivative.

4 Milne-type inequalities
Milne proved in 1925 the two following discrete and continuous versions of a useful in-

equality [13]:
Proposition 6 The following inequality holds for every a;,b; >0 for 1 <i<mn:

" ab

Zal Zb >;a,+bi)-;ai;;i.
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Remark 7 Since

dibi
b, = 4(511 +by),

the conclusion of Proposition 6 also holds for every a;, b; > 0 with the convention 0-0/(0 +
0)=0.

Proposition 8 Let ¢ : (0,00) — [0, 00) be a Riemann integrable function with fooo ox)dx =
1. Let a; > 0 and f; : (0,00) — (0,00) such that ¢lf; is a Riemann integrable function on
(0,00) for 1 <i < mn. Then,

1 ay a,
S s Z Tmwar T [ i
0 a1fi(®)++anfn(x) 0 filw) 0 Su(x)

We start with our general version of Proposition 6.

Theorem 9 Let x;,9; >0, ¢;j >0 for any i,j > 1. If 3%, x; > 0 and 3 7%, y; > 0, then

1 ad y/'
S, S L TR

=13 0 e =1

Proof Let us prove first

_ Z (10)
i sy 7

ifa;, y;>0for1 <i<m,1<j<n.

If we define k;; := c;;y;/x;, then it suffices to prove that

e ST o

i=1 Zl’f‘:l kij j=1 i=1 E

Let us prove (11) by induction on #.
If n = 1, then the inequality (11) holds since, in fact, it is an equality.

If n=2,a;:=1/k;; and b; := 1/k;,, then the following inequalities are equivalent

" . T = ml T+ ml T
2 Bk sl Ry 2iml By
1 _ 1 - 1 N 1 _ Zz’m:1(“l’ + b;)
ZZI Z’fél, > m X la Ylhbio Yla b
"

and this last inequality holds by Proposition 6.
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Finally, assume that (11) holds for n — 1 > 2. Then, the induction hypothesis and the
previous inequality give

1 1

Zim:l ﬁ Zz 1 Zn 7

kl]+ in—1+Kin)

1 1
= +
— m 1 m
j=1 Z ' Zi:l kin_1+kin
-2
< 1 1 1
> + +

= ~m 1’
j=1 Zi:l E
which completes the proof of (11). Hence, (10) holds if x;, 5, >0 for 1 <i<m,1<j < n.
If we take limits as x; — 0 and/or y; — 0 for some indices 1 <i <m, 1 <j < nin (10), we
obtain the same conclusion if x;,5; > 0for 1 <i<m,1<j<n, ) - % >0and Z;’zlyj > 0.

If we take limits as m — 0o in (10), then we obtain for every »

ZZOO xi?

TR e 1Z—W1 i1,
ifx;,9,>0fori>1,1<j<m Y = x>0and 27=1J’/>0' Since

1 1

0 i -
Zz 1 ZI lclly/ Zl 1 Z lcllyl

for every n, we have

i oo E
Zz 1 Z/ 16”},} j=1 Zl lcl/

for every n. Then, the result follows if we take limits as # — 00 in this last inequality. [

Remark 10 The argument in the proof of Theorem 9 gives that Proposition 6 is equivalent
to the case n = 2 in (10). Hence, this theorem is a generalization of the discrete Milne

inequality.

Corollary 11 Let x;,y; >0, ¢;j>0for L <i<m, 1 <j<nlIfy " x>0and 3", y;>0,
then

ZZ;ICU'

j=1

Zz 1 Z lclly/

In order to prove Theorem 20 below, generalizing Proposition 8 (the continuous version
of Milne inequality), we need the following technical results.
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Proposition 12 Let M > 0, , v two o -finite measures on the spaces X, Y, respectively,
and f,,f : X x Y — [M, 00) measurable functions. If lim,_, f, = f (i X v)-a.e. and f, <
g€ LY (u x v), then

/ du(x)
kS fny,y)dv(y) x [y fxy)dv(y)’

(12)

Proof Since
dp(x) dp(x)
x,9)dv(y) x [y f @) dv(y)

[y (f @) = fulx, ) dv(y)
S @y dv) [ £ ) dv(y)

Jy IFG9) = fu(,9) | dv(y)
x Jyf & )dv(y)fyfn %) dv(y)

[y f @) = fulx, )| dv(y)
fYMdv()/)fYMdv(y)

//V(x,y) —fux,9)| dv(y) du(x),

d()‘

dpu(x)

du(x)

MZ

If =ful <f +f <2g €LY u x v)and lim, o |[f —f:] = 0 (1 x v)-a.e., the dominated con-
vergence theorem gives

. du(x)
0 < liminf / T x,y)dv(y) fyf(x,y)dv(Y)
= limsup / fyfn(x, dv(y) / T @, )dv(y)'

< fim W /X fy £6) — fu(6) | dv() dp) = 0,

and this completes the proof. O

Proposition 13 Let 0 < M < N < 00, i, v be two finite measures on the spaces X, Y, re-
spectively, and f,,f : X x Y — [M, N]| measurable functions. If lim,_, « f, = f (1 X v)-a.e.,

then
d d
lim ”(y / ”(y) (13)
n—0oQ
f xy) f(xy
Proof Since
dv(y dv(y
dpu(x) dp(x)
f x.7) f(xy

du(x)

foch fonxy (y)‘
d

fon (%,y) foljc(;

/ |foxy fon(xy
“Jy

/‘X dp(x) fx d;j.\[x)

dv(y)
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N? du(x)_/ dp(x) )
X

- w(X)? xJfx) Ja(%,y)

- N? / If (e, 9) = fu (%, 9)]
T uX)? JyJx  fayfuxy)

/ 1 (9) — fol )| A dv(o),

dp(x) dv(y)

‘W/

If —ful <2N € LY ( x v) and lim,_, o |[f —fu| = 0 (1 x v)-a.e., the dominated convergence
theorem gives the result. g

Proposition 14 Let i1, v be two measures on the spaces X, Y, respectively, and f, : X x Y —
[0, o0] measurable functions with f,, < f,,,1 for every n, and let f := lim,_, » f,,. If

1 1
€Ll & —————eli(n),
Ffiepavl) =~ Ffepav)

then
/ du(x) du(x)
n—>oo Sy ful,s dv(y x Jyf ) dv(y)
Proof The monotone convergence theorem gives
lim /fn(x,y) dv(y) = /f(x,y)dv(y)
H—0Q Y Y
for every x € X.
Since f, < f for every n, if
1 1
W = ¢ L' ()

T fendo) © T fo) dv()

for every n then,

m [ oo [
o Syl ) dv(y) x [y f e y)dv(y)’

If

1

_ L'(w),
T Femave) © €L w)

) -
Jehixy)dv(y)

by hypothesis. Since f; <f, for every n, we have

1 1
0= [y fulx,y)dv(y) = [y fix,y) dv(y) €

L'(w),

and the dominated convergence theorem gives the result. O

Proposition 15 Let (1, v be two measures on the spaces X, Y, respectively,and f, : X x Y —
[0, 0o] measurable functions with f,, > f,.1 for every n, and let f := lim,,_, oo f,,. If

fiky eLl'(v) &  flxy) eLl'(v)
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foreach x € X, then

/ du(x) dp(x)
it Sy Sulx,y) dv(y) x [y f @ y)dv(y)

Proof Fix x € X. If f(x,y) ¢ L'(v), then f,(x,y) ¢ L' (v) for every n and so,
lim /fn(x,y) dv(y) =00 = /f(x,y)du(y),
n—00 Y Y
If f(x,5) € L}(v), then f;(x,) € L'(v) and the dominated convergence theorem gives

ggAmWMWhLﬂwmwy

Since

1 1
0
= T 5@ d®) = Ty fm@y) dv()

for every n, the monotone convergence theorem gives the result. 0

Proposition 16 Let (1, v be two measures on the spaces X, Y, respectively,and f, : X x Y —
[0, 0o] measurable functions with f,, < f,.1 for every n, and let f := lim,,_, oo f,,. If

L i L'

1
fiwy © AT

foreachyeY, then

d d
im “(y / ”d(y) .
n—00 M(x)
fn x}') f (x,9)

Proof Fixy e Y.If 1/f(x,y) ¢ L' (1), then 1/f,(x,y) & L*(u) for every n and hence,

) dulx) [ dux)
Jm, /Xf,,(x,y) - /xf(x,y)'

If 1/f(x,y) € L*(u), then 1/f,(x,y) € L' (1) and

1 1

< 1
R

and the dominated convergence theorem gives

. du(x) dpu(x)
1 = .

Since

1 1
o<
_f dp(x) f dp(x)
an XJ’ X fur1 (%,)

for every n, the monotone convergence theorem gives the result. O
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Proposition 17 Let 1, v be two measures on the spaces X, Y, respectively, andf, : X x Y —

[0, oc] measurable functions with f, > f,.1 for every n, and let f := lim,_,  f,. Then,

lim d‘;@) f d”(y) .
n—00 (x) ()
f () f %)

Proof Since

</ du(x) - dp(x)
T x fu6y) T Jx fuer ()

for every n and y € Y, the monotone convergence theorem gives

du(x) du(x)
lim _
P /Xf,,(x,y) /;;f(x,)’)

for everyy e Y.

Since

1 1

f dp(x) f dp(x)
X fulx) X fur1(xy)

for every n and y € Y, there exists the limit

/ dV(Y)

fn xy)

foreveryyeY.

Since

1

d
Jx i

>0

for every n and y € Y, the Fatou lemma gives

i dv(y) _ lim dv(y
ninc}o Yf oA n~>oo
X fu(xy) f xy
1
Yy 57 fon(x,y)
dv(y
O
fxy)

Let us recall some background in [5]. A measure u defined on the o -algebra of all Borel
sets in a locally compact Hausdorff space X is called a Borel measure on X. The measure

w is called outer regular on E if

W(E) = inf{,u(l,[) :ECU,U open}
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and inner regular on E if
W(E) = sup{u([() :K CEK compact}.

A Radon measure on X is a Borel measure that is finite on all compact sets, outer regular
on all Borel sets, and inner regular on all open sets. Radon measures are also inner regular
on all of their o -finite sets [5, p. 216].

Recall that a second-countable space is a topological space whose topology has a count-
able base. In a second-countable, locally compact Hausdorff space, any Borel measure that
is finite on compact sets is regular and hence Radon [5, p. 217].

The following two results appear in [5, pp. 217, 226].
Proposition 18 If i is a Radon measure on X, then C.(X) is dense in LP(u) for 1 < p < oo.

Proposition 19 If X, Y are second-countable, locally compact Hausdor{f spaces and v, v

are Radon measures on X and Y, respectively, then i x v is a Radon measure on X x Y.

We can prove now the main result in this work, generalizing Proposition 8, the contin-

uous version of the Milne inequality.

Theorem 20 Let X, Y be second-countable, locally compact metric spaces, and let |1, v be
Borel measures on the metric spaces X, Y, respectively, which are finite on compact sets. If

f:X xY — [0,00] is any measurable function, then

i / d”(y (14)
fX fyfx dv(y fxy

Proof Since X, Y are o-compact, there exist two sequences of compact sets {X,,,}, {Y,},
with

o0 oo
X S X, JXw=X YicV, [Uw-=Y

By hypothesis, 1(X,,), v(Y,) < oo for every m, n.
As usual, we denote by Bx(x, r) the open ball in X with center x € X and radius r > 0. For
each § > 0 consider the open covering {Bx(x,8/5)}xex,, of Xu. Since X,, is a compact set

there exists a finite subset {x1,...,x;} C X,,, with
X € Bx(x1,8/5) U - - - U Bx(xx, 8/5).
Thus, the measurable sets {Xfﬂ}f.‘z1 defined as
X!, := X,, N Bx(x1,8/5),
i-1

X, ==X, N Bx(x;,8/5)\ | Bx(%,8/5), 1<i<k
j=1
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are a partition of X,,, and
diam(X},) < diam(By(x;,8/5)) < §/2

foreveryl <i<k.

In a similar way we can find a partition of measurable sets {Y,’;}f:1 of Y, such that
diam(Y7) < §/2 for every 1 <j<{.

Case A. Let us fix m, n and a continuous function f : X, x ¥, — (0, 00). We are going to

prove

1 dv(y (15)

fxm Sy, f xy)dv(y Yn fX fxy)
Since f is a strictly positive, continuous function on the compact set X,,, x Y, we have

My :=min{f(x,9) : (x,) € Xpu x Yy} >0,

Ny = max{f(x,y) (%) € Xpu x Yy} <00

Let us fix € > 0. Since f is uniformly continuous on the compact set X,,, x Y, there exists
8 > 0 such that

[f 1, 31) —f2,00)| <& if dx (1, %2) + dy (y1,72) < 8.

Consider partitions of measurable sets {X?, }le of X,,, and {Yf, }f:1 of Y,, such that diam(X, ) <
8/2 for every 1 < i < k and diam(Y}) < 8/2 for every 1 <j < £.If (x1,91), (%2, y2) € X! x Y,
then

dx(x1,%2) + dy(y1,y2) < diam(an) + diam(Y{;) <8

and we have |f(x1,y1) — f(x2,y2)| < €.
Define

M, = inf{f(x,9): (69) € XL, x Y},

Ny, = sup{f(x9) : (%,9) € X, x V] }.
Thus,

i,j 1]
0<Myu <M, <NJ < Npyy <00,

ij A
0= Nm,rl Mm,n =¢

foreveryl <i<kand1l<j<¢.

Let us consider the simple function

5e(,9) = ZM;MXX, ol @)= DMyt (0 0),

i
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where xg denotes the characteristic function of the set E, i.e., the function with xz =1 on
Eand xp=0on X \ E.
Since {X!, x Y,’;}i,j is a partition of X,,, x Y,,, it is clear that

O0<Myy <s. <f<sc+e.

We have

k [ ¢
/Y Se(x, ) dv(y) =Z<ZM” v )Xx' (x).
n i=1

Since {X?, }k , is a partition of X,,,, we obtain

dp(x) _ / dp(x)
X Jy, $:00)dv0) I, zi;l(z,ilMii,nv(Y£)>xX¢n(x)

m - 1 WIYI

_ Z M(Xl )

i=1 Z,‘:l Mlng,n‘)(Y;]q)

and

/ dux) _ / dpi(x)
X 56@9) I, zﬁl(zf:le,anL(y>>xX¢n )

X, (W du(x)
‘/Xm = Z} IMWH’I Y/ (y)
_ Z M(X,iﬂ)
i=1 Zf:lM%,nXYZU)
Since {Y,’;}f:1 is a partition of Y,,, we obtain
k i i
/ du(x) _Z w(X;,) M(X 2 )
= — = (),
X $e009) T Y Mty 0) 5T Mo "

dv(y) ) dv(y)
/ S 5 / L Tk )

Xm sgxy ;/

14

(Y")
, X/()’) (}’)_ z

L] 11
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Thus, the two following inequalities are equivalent:

1 > dv(y
Sy Tt~
Xm fy se(xy) dv(y) n Xm gx
1 ¢ v(Y’
>
k M(X') —Z

Z Zzl

i=1 Z/ . Y}) Mt]
and this last inequality holds by Corollary 11, since an > My, > 0, Zle n(Xi) =
w(X,,) >0and Z}-ZI ,u(Yf,) = u(Y,) > 0. Hence, (15) holds for s.

Recall that
0 < My <8¢ <Ny € L'(Xpw X Yoo st X 0),

since X, and Y, are compact sets and so, (1 X v)(X,, X Y;) = u(X,,,)v(Y,) < co. Now, we
can choose a sequence of ¢ converging to 0 and so, the corresponding s, converge to f.
Since u(Xy,), v(Y,) < 0o, Propositions 12 and 13 give

1 dv(y

J Jyfxymv(y Y S Tl

Case B. Given any 0 < M < N, consider now any measurable function f : X,, x ¥,, —
[M, N]. The hypotheses give that 1, v are Radon measures. Proposition 19 gives that u x v
is a Radon measure. Since X,,, x Y, is a compact set, Proposition 18 gives that there exists
a sequence {fy} C C(X,, x Y,,) such that

kllfgo “ﬁ< _f”Ll(XmXYn,p,xv) =0.

Hence, there exists a subsequence of {f;}, that we will denote also by {f;} for simplicity,
such that limy_,  fx = f (1 x v)-a.e. Let us consider the sequence {F;} defined from {f;} as

Jeley) M < filx,y) <N,
Fi(x,y):= {N if fi(x,5) > N,
M if fi(x, ) < M.

Thus, {Fr} C C(X,, x Y,,) and we also have limg_, o Fx =f (1 x v)-a.e., since |[f — Fi| < |f —fk|
for every k. We have proved that

1 . dv(y)

f du(x /‘ du(x)
Xm fY Fkxy dv(y) Xm Fr(xy)

for every k. Since M < f, Fx < N and any constant function belongs to LY X,y X Yy, it X V),
Propositions 12 and 13 give

1 dv(y

S Tt xy)dv(y v fx, 7 fxy)
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Case C. Consider now any measurable function f : X,,, x Y, — [M, 00], with M > 0. If
fi := min{f, k}, it is clear that lim_,  fx = f and, since

0<min{M,1} <fi <k,

we have proved

1 - dv(y)
S fY,,fk xy dv(y Yn fxm R xy

for every k. Since fi < fi:1 for every k and u(X,,) < 0o, we have

1 - 1 - 1
S@y) ™ filx,y) T min{M,1}
1 1 1
fy S, y)dv(y) — fy fk(x,y)dv(y) min{M, 1}v(Y,,)

€ Ll(er ),

€ Ll(Xm, ).

Since fi < fi+1 for every k, Propositions 14 and 16 give

1 _ dv()
S, TS Ty .
Xon Ty F ) dvEy) xymv(y n JXon 7o)

Case D. Consider now any measurable functionf : X,, x Y,, — [0, oo]. If fx := max{f, 1/k},
it is clear that lim_,  fx =f and, since f; > 1/k, we have proved

1 _ dv(y)

dyu(x) - (%)
fxm Sy, fe@y)dv(y) Y mefk (*9)

for every k. Since u(X,,), v(Y,) < 0o and

f@,y) <filx,y) <1+f(x),

fix,y) € LYY, v) if and only if f(x,y) € L}(Y,,v) for each x € X,,,. Since f; > fis1 for every
k, Propositions 15 and 17 give

1 dv(y

S Tent xy)dv(y N

Case E. Fix m and consider any measurable function f : X,,, x ¥ — [0, 00]. We have
proved for each n

1 dv(y) du(y)
du(x du(x = / (y f d[t

fxmm % fx,, Fod X 7

Since [, f(x,9) dv(y) > [, f(x,y)dv(y), we have

1 1

f _dp f (%) :
Xm foxy dv(y) Xm fy xy ) dv(y)
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The monotone convergence theorem gives

i [0 20 - [ 0

Xm f(xy)

These three results allow us to conclude that

1 dav(y)

d
me Jy f( xﬂjfxdv(y me x

Case F. Finally, consider any measurable function f : X x ¥ — [0, co]. We have proved

for each m

1 /‘ dv(y
dju(x)
Jx % D) 7 v fxm jyf S fxy)

Since

/ du(x) - du(x)
xfy) = Jx, fxy)

we have

dav(y) / dv(y

du(x)
Y S o =)
for each m. The monotone convergence theorem gives

du(x) _ A (x)
[of@ndvy) — Jx [, fy)dvy)

lim / XX, (%)
m—> 00 X

These three results give

| o g

fX fyfxy dv(y fxy

Theorem 20 has the following direct consequence for general fractional integrals of

Riemann-Liouville type.

Proposition 21 Iff : [a,b] x [a,b] — [0,00] is a measurable function, then

1 >/b dy
b de = .o, 7'
J T [} oy & ‘ y,a)fa ST baa)

5 Conclusions
In this paper we continue with the study and development of an important topic in math-

ematics that are inequalities, particularly inequalities in a fractional context. The Milne
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inequality plays an important role in the study of Rosseland’s integral for the stellar ab-
sorption. In this paper we obtain the Milne-type inequality

/ dv(y

fX fyf ,y dV(y f ,y

with appropriate hypotheses, and we apply it to the generalized Riemann-Liouville-type
integral operators, which include most of the known Riemann-Liouville integral opera-
tors.

Although the assumptions of this inequality are not very restrictive, an interesting open
problem is to weaken these assumptions for at least one of the two measures.
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