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Abstract
We investigate the synchronization behavior and the emergence of chimera states in a system of two interacting popu-

lations of maps possessing chaotic neural-like dynamics. We characterize four collective states on the space of coupling

parameters of the system: complete synchronization, generalized synchronization, chimera states, and incoherence. We

quantify the information exchange between the two neuron populations in chimera states. We have found a well-defined

direction of the flow of information in chimera states, from the desynchronized population to the synchronized one. The

incoherent population functions as a driver of the coherent neuron population in a chimera state. This feature is inde-

pendent of the population sizes or population partitions. Our results yield insight into the communication mechanisms

arising in brain processes such as unihemispheric sleep and epileptic seizures that have been associated to chimera states.
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1 Introduction

The study of emergent collective states in systems com-

posed of interacting populations of dynamical units is a

relevant topic in complexity science. These systems have

been investigated in many different areas, such as coupled

networks of oscillators [1, 2], cohabitation of two biolog-

ical species [3, 4], competition of two languages [5], and

neural networks [6, 7]. In the context of neural systems, the

study of interacting populations of dynamical units can be

relevant to understand the functional dynamics of the brain

[8, 9]. Two population models have been used in several

studies, such as synchronization between oscillations

emerging from separated cortical neuronal assemblies [10],

neuronal information processing [11], and phase-coherence

transitions between delay-coupled neuronal populations

[12].

In many systems, collective behavior can be character-

ized as synchronization states arising from the interactions

within and between populations. Recently, there has been

great interest in the study of chimera states in dynamical

networks [13–16]. A chimera state consists of the coexis-

tence of subsets of elements with synchronous and asyn-

chronous dynamics in a spatiotemporal system. In a system

of two interacting populations, a chimera state is mani-

fested as one population displaying a synchronized

behavior while the other remains desynchronized. Chimera

states have been found in systems consisting of two

interacting populations of oscillators [2, 17–20] and in

cross-cultural interactions of two social groups [21]. They

have been experimentally observed in two coupled popu-

lations of mechanical oscillators [22] and electrochemical

oscillators [23].
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Chimera states have been associated to brain processes

such as unihemispheric sleep in various animal species

including birds, aquatic mammals, and reptiles [24, 25], as

well as human electroencephalographic patterns in

epileptic seizures [26, 27]. Chimera states have been found

in a two-layer network brain model based on data from

cerebral cortex [28] and in two-layer neuronal network

with unidirectional inter-layer links [29]. Chimeras in

neural systems have been mostly studied in models of

coupled differential equations, such as the Hodgkin–Hux-

ley model [30], the Hindmarsh–Rose model [31–33], and

the Fitzhugh–Nagumo model [34, 35]. More recently,

chimera states have been reported in networks with neural-

type local dynamics described by the Rulkov time-discrete

map [36, 37].

In many situations, it is important not only to charac-

terize chimeras or other collective states, but also to

understand the causal relationships between the constituent

parts of a system that leads to such behaviors. In particular,

information transfer measures have been proven useful to

quantify drive–response causal relationships between sub-

systems and functional structures in diverse complex sys-

tems [38]. For example, the emergence of nontrivial

collective behavior in chaotic dynamical networks has been

associated to the flow of information from global to local

scales [39]. Transfer entropy methods have been widely

employed in neuroscience to evaluate interdependence

between electroencephalographic data sets [40]. Such

measures allow, for instance, to evaluate coupling direc-

tions [41] and connectivity [42] between different regions

of the brain.

In this article, we investigate the emergence of syn-

chronization and chimera states in a system of two

interacting populations of chaotic maps possessing neural-

like dynamics. We characterize various synchronization

states that arise in the system: complete synchronization,

generalized synchronization, chimera states, and incoher-

ence. Specifically, we address the question: who is the

driver in a chimera state in neuron dynamical networks?

We quantify the information flow between the synchro-

nized and desynchronized neuron populations in a chimera

state by employing the information transfer measure of

Schreiber [43] in order to gain insight into the communi-

cation mechanisms associated to pathologies in the brain.

We compare the information transfer between the mean

fields of the two populations in chimera states. Our

approach is simpler than methods based on delayed mutual

information and Poincaré sections used to detect the flow

of information in chimera states of phase oscillator net-

works [44].

In Sect. 2, we introduce a model of two populations

interacting through their mean fields and define the order

parameters to characterize synchronization states. Sec-

tion 3 describes the spatiotemporal patterns associated to

the different collective synchronization states arising in the

system. The collective states are characterized on the phase

space given by the coupling parameters of the system.

Section 4 contains the calculation of the information

transfer between the two neuron populations in a chimera

state. We find a definitive direction of the flow of infor-

mation from the desynchronized population to the syn-

chronized one. Conclusions are presented in Sect. 5.

2 Model for two interacting populations
of map-based neurons

Coupled map lattices or coupled map networks are spa-

tiotemporal dynamical systems where space and time are

discrete, but the state variables are continuous. They con-

sist of a set of maps or iterative functions considered as

nodes interacting on a lattice or network [45, 46]. Coupled

map networks have provided useful models for the study of

diverse processes in spatially extended systems, with the

advantage of being computationally efficient [47]. The

discrete-space character of coupled map systems makes

them appropriate for the investigation of dynamics on

nonuniform networks [48].

Our system is composed of N maps possessing neuron

dynamics, distributed into two populations denominated as

a and b, with sizes Na and Nb, respectively, such that

N ¼ Na þ Nb. In order to model local excitable dynamics,

we consider two-dimensional map-based neurons where

the two variables may represent the membrane potential

and outward ionic currents, respectively. We use the

Fig. 1 Scheme of two populations a and b reciprocally interacting

through their mean fields. Any element in population a½b� interacts
with: (i) all other elements in a½b� through the mean field �Xa ½ �Xb� with
coupling parameter l, and (ii) the mean field �Xb ½ �Xa� of population
b½a� with strength �
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notation [k] to indicate ‘‘or k.’’ Then, the state of element

i½j� 2 a½b� at discrete time t is given by two variables

xat ðiÞ; yat ðiÞ ½xbt ðjÞ; ybt ðjÞ�, where i ¼ 1; 2; . . .;Na and

j ¼ 1; 2; . . .;Nb. We assume that each element within a

population interacts with the mean field of that population

and with the mean field of the other population. Mean-field

coupling has been used in neural mass models [6, 49, 50].

Then, we define the dynamics of the two interacting pop-

ulations of map-based neurons by the following coupled

map equations,

xatþ1ðiÞ ¼ ð1� lÞf ðxat ðiÞ; yat ðiÞÞ þ l �Xa
t þ � �Xb

t ; ð1Þ

yatþ1ðiÞ ¼ gðxat ðiÞ; yat ðiÞÞ; ð2Þ

xbtþ1ðjÞ ¼ ð1� lÞf ðxbt ðjÞ; ybt ðjÞÞ þ l �Xb
t þ � �Xa

t ; ð3Þ

ybtþ1ðjÞ ¼ gðxbt ðjÞ; ybt ðjÞÞ; ð4Þ

where the functions f(x, y) and g(x, y) describe the local

dynamics, and parameters l and � characterize the strength

of the intra-population and inter-population coupling,

respectively. The mean fields of populations a and b at

time t are defined, respectively, as

�Xa
t ¼ 1

Na

XNa

i¼1

xat ðiÞ; ð5Þ

�Xb
t ¼ 1

Nb

XNb

j¼1

xbt ðjÞ: ð6Þ

Figure (1) illustrates the system of two interacting popu-

lations of dynamical elements Eqs. (1–4).

Synchronization states for each population can be

characterized by the following asymptotic time averages,

after discarding a number of transients s,

hrai ¼ 1

T � s

XT

t¼s

rat ; ð7Þ

hrbi ¼ 1

T � s

XT

t¼s

rbt ; ð8Þ

hdi ¼ 1

T � s

XT

t¼s

j �Xa
t � �Xb

t j; ð9Þ

where the instantaneous standard deviations of the distri-

bution of state variables are defined by

rat ¼
1

Na

XNa

i¼1

ðxat ðiÞ � �Xa
t Þ

2

" #1=2

; ð10Þ

rbt ¼ 1

Nb

XNb

j¼1

ðxbt ðjÞ � �Xb
t Þ

2

" #1=2

: ð11Þ

A collective state of synchronization within population a
½b� for the system represented by Eqs. (1–2) and (3–4) takes

place when x
a½b�
t ðiÞ ¼ x

a½b�
t ðkÞ ¼ �X

a½b�
t and y

a½b�
t ðiÞ ¼ y

a½b�
t ðkÞ,

8i; k 2 a½b�, sustained in time. Thus, a complete state of

synchronization in population a is characterized by the

condition hrai ¼ 0, and similarly, population b is syn-

chronized when hrbi ¼ 0. In numerical simulations, we set

the criterion hra½b�i\10�7 for synchronization of a

population.

Different collective states of synchronization can be

defined in the system Eqs. (1–4):

1. Complete synchronization (CS): When all elements

within each population are synchronized with each

other and with the elements of the other population.

That is, hrai ¼ 0, hrbi ¼ 0, and hdi ¼ 0.

2. Generalized synchronization (GS): When the elements

within each population are synchronized but not with

the elements of the other population [51]. That is,

hrai ¼ 0 and hrbi ¼ 0, but hdi 6¼ 0.

3. Chimera state (Q): When the elements in one popula-

tion are synchronized but the elements in the other

population are not. That is, hrai ¼ 0, hrbi 6¼ 0, or vice

versa, and hdi 6¼ 0.

4. Desynchronization (D): None of the populations

exhibits synchronization. This means, hrai 6¼ 0 and

hrbi 6¼ 0.

We consider the two-dimensional map proposed by Rulkov

[52] as local neural dynamics, defined as

xtþ1 ¼ hðxt; ytÞ; ð12Þ

ytþ1 ¼ yt � tðxt þ 1Þ þ tc; ð13Þ

where xt and yt are the fast and slow variables. As for the

two previous local maps, although these variables have not

specific biological meaning, xt can be interpreted as the

Fig. 2 Time series of a single Rulkov map, Eqs. (12–13), with

parameters t ¼ 0:001, . ¼ 4:6, and c ¼ 0:225
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transmembrane potential of a neuron, while yt is a recovery

or adaptation variable, where slow time evolution is given

by small values of the parameter t ð0\t � 1Þ.
To generate spiking and silent regimes, Eq. (12)

employs a piecewise function h(x, y) of the form

hðx; yÞ ¼
.ð1� xÞ�1 þ y if x� 0;

.þ y if 0\x\.þ y;

�1 if x� .þ y:

8
><

>:
ð14Þ

where c and . are control parameters that allow to select

different regimes of temporal behavior of the model. Fig-

ure 2 shows the time evolution of the Rulkov map vari-

ables for parameter values t ¼ 0:001, . ¼ 4:6, and

c ¼ 0:225 which correspond to the chaotic spiking region,

as reported in [53].

3 Synchronization and chimera states

Figure 3 shows the asymptotic evolution of the variables

xat ðiÞ, 8i 2 a, and xbt ðjÞ, 8j 2 b for the two interacting

population model, Eqs. (1–4), with Rulkov local dynamics,

Eqs. (12–13), for different values of coupling parameters l
and �. Spatiotemporal patterns for complete synchroniza-

tion, generalized synchronization, chimera state, and

desynchronization are shown.

Figure 4 shows the collective synchronization states of

the two-population system, Eqs. (1–4), with local dynam-

ics given by the Rulkov map, Eqs. (12–13), on the space of

the coupling parameters ðl; �Þ. A complex structure is

revealed in Fig. 4. Complete synchronization, generalized

synchronization, disordered, and chimera states, charac-

terized by the quantities hrai, hrbi, and hdi, appear dis-

perse over the parameter space ðl; �Þ.
To investigate the influence of asymmetry in the popu-

lation sizes on the emergence of chimera states, we

Fig. 3 Spatiotemporal patterns for the two-population model,

Eqs. (1–4), with local Rulkov dynamics, Eqs. (12–13). Population

sizes Na ¼ Nb ¼ 400. Fixed parameters t ¼ 0:001, . ¼ 4:6,

c ¼ 0:225. (a) Synchronization (hrai ¼ hrbi ¼ 0, hdi ¼ 0), l ¼
0:08 and � ¼ 0:04. (b) Generalized synchronization

(hrai ¼ hrbi ¼ 0, hdi 6¼ 0), l ¼ 0:061 and � ¼ 0:02. (c) Chimera

state (hrai 6¼ 0 and hrbi ¼ 0), l ¼ 0:085 and � ¼ 0:002. (d) Desyn-

chronized state (hrai 6¼ hrbi 6¼ 0), l ¼ 0:01 and � ¼ 0:005
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performed simulations for different partitions of Na and

Nb. Figure 5 shows chimera patterns for two different

partitions and for the two local map-based neurons con-

sidered in this article. The relative sizes of the populations

do not affect the formation of chimeras with the reciprocal

global coupling scheme of the system Eqs. (1–4).

4 Information flow between neuron
populations in chimera states

We note that chimera states are probabilistic, in the sense

that their occurrence depends on initial conditions. Once

formed, chimera states are stable. We calculate the fre-

quency f for occurrence of a chimera state, with one pop-

ulation synchronized and the other incoherent, over 100

realizations of random initial conditions for given param-

eter values. Figure 6 shows the frequency f as a function of

the inter-population coupling parameter �, for a fixed value

of l. We have verified that the frequency to observe a

chimera state does not change as the population sizes

increase.

To elucidate the communication mechanisms between

the neuron populations in a chimera state, we employ the

information transfer introduced by Schreiber [43]. Con-

sider two dynamical variables yt and xt interacting in a

system. Then, the information transfer from yt to xt is

defined as [43]

Ty!x ¼
X

xtþ1;xt ;yt

p xtþ1; xt; ytð Þ log p xtþ1; xt; ytð Þp xtð Þ
p xt; ytð Þp xtþ1; xtð Þ

� �
;

ð15Þ

where pðxtÞ is the probability distribution of the time series

xt, pðxt; ytÞ is the joint probability distribution of xt and yt,

and so on. The quantity Ty!x measures the degree of

dependence of x on y; i.e., the information required to

represent the value xtþ1 from the knowledge of yt. Note that

the information transfer is non-symmetrical, i.e.,

Ty!x 6¼ Tx!y. When the two variables are synchronized,

Fig. 4 Phase diagram on the space of parameters ðl; �Þ for the two-

population system, Eqs. (1–4), with local Rulkov dynamics,

Eqs. (12–13). Fixed local parameters t ¼ 0:001, . ¼ 4:6, and

c ¼ 0:225. Population sizes Na ¼ Nb ¼ 500. For each data point,

the quantities hrai, hrbi, and hdi that characterize the different

synchronization states are calculated over 1000 iterations after

discarding 3000 transients, and averaged over 100 realizations of

random initial conditions for each population. Labels CS, GS, Q, and

D indicate the regions where collective synchronization states occur.

The region where chimera states (Q) appear is colored in gray

Fig. 5 Spatiotemporal pattern for a chimera state in the system,

Eqs. (1–4), with different population sizes Na 6¼ Nb. Fixed parame-

ters t ¼ 0:001, . ¼ 4:6, and c ¼ 0:225. (a) Rulkov map for local

dynamics, Eqs. (12–13), with fixed parameters t ¼ 0:001, . ¼ 4:6,

c ¼ 0:225, l ¼ 0:12, � ¼ 0:0032, Na ¼ 400, and Nb ¼ 200

Fig. 6 Frequency f for the emergence of a chimera state as a function

of � and a fixed value of l ¼ 0:09 for the interacting populations

system Eqs. (1–4). The frequency for observing a chimera state is

calculated over 100 realizations of random and uniformly distributed

initial conditions for each value of �. Local dynamics is given by

Rulkov maps, Eqs. (12–13), with fixed parameters t ¼ 0:001,

. ¼ 4:6, and c ¼ 0:225. Population sizes are Na ¼ Nb ¼ 500
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xt ¼ yt; then, Ty!x ¼ 0. An advantage of the information

transfer is that it does not require any knowledge of the

dynamical system nor prior assumptions on data

generation.

In our system, Eqs. (1–4), the two populations com-

municate through their respective mean fields. Thus, we

consider the information transfer between the mean fields

�Xa
t and �Xb

t of populations a and b, respectively, when a

chimera state is formed. We proceed as follows. For

parameter values where a chimera state appears, after a

transient time of 1500 iterations, we verify that a chimera

state has formed and identify the synchronized and the

desynchronized population with the labels S and D,

respectively. Then, we take a time series of 1500 consec-

utive values for the mean fields of the synchronized and

desynchronized populations, denoted by �XS
t and �XD

t ,

respectively. From these data, we calculate the information

transfers T �XS
t ! �XD

t
and T �XD

t ! �XS
t

by using the definition

Eq. (15) [54].

Figure 7a shows the averaged quantities T �XD
t ! �XS

t
and

T �XS
t ! �XD

t
as functions of the coupling � in the region of

parameters where chimera states arise. Figure 7a reveals

that T �XD
t ! �XS

t
[ T �XS

t ! �XD
t
, indicating a defined direction of the

flow of information between the two neuron populations in

chimera states, from the desynchronized population D to

the synchronized one, S. We have also evaluated the sta-

tistical difference between the quantities T �XD
t ! �XS

t
and

T �XS
t ! �XD

t
for different values of �. To compare these quan-

tities, we employ the Wilcoxon test which can be applied

when the distribution of the difference between the two

means of two samples cannot be assumed to be normally

distributed. In Fig. 7b, we show the corresponding p-values

as a function of �. The dashed horizontal line marks the

significance level 0.05. Very low p-values indicate that the

differences between T �XD
t ! �XS

t
and T �XS

t ! �XD
t

are significant;

therefore, Fig. 7b provides a statistical evidence that

T �XD
t ! �XS

t
[ T �XS

t ! �XD
t
in the range of parameters where chi-

mera states appear.

Thus, a functional directionality emerges in the system

despite the structural symmetry of our model, i.e., popu-

lation D acts as the driver of population S in a chimera

state. This result is relevant in the context of epileptic

seizures that have been related to chimera states in brain

dynamics [26, 27]. It has been found that there is a sig-

nificant coupling direction in the oscillations from the

thalamus to the seizure zone during epileptic seizures [41].

We have verified that the formation of chimera states

subsists as the sizes of the populations are increased by

several orders of magnitude. In addition, we have investi-

gated the influence of the size of the populations on the

directionality of the flow of information in chimera states.

Figure 8a shows the maximum frequency fmax for chimera

Fig. 7 (a) Averaged T �XD
t ! �XS

t
(squares, blue line) and T �XS

t ! �XD
t
(circles,

red line) in chimera states as functions of the coupling parameter �,
for the system Eqs. (1–4) with fixed l ¼ 0:09. Local dynamics is

given by Rulkov maps, Eqs. (12–13), with fixed parameters

t ¼ 0:001, . ¼ 4:6, and c ¼ 0:225. Population sizes are

Na ¼ Nb ¼ 500. Each data point of T �XD
t ! �XS

t
and T �XS

t ! �XD
t

is the

average of 100 information transfer measures calculated over 100

realizations of initial conditions resulting in chimera states, where the

synchronized and desynchronized populations S and D have been

identified. Error bars represent the corresponding standard errors. (b)
p-values obtained from the Wilcoxon test as a function of �. The p-
values characterize the statistical difference between the quantities

T �XD
t ! �XS

t
and T �XS

t ! �XD
t
. The dashed horizontal line signals the signifi-

cance level 0.05 (color figure online)

Fig. 8 (a) Maximum frequency for chimera states as function of the

population size Nað¼ NbÞ in the system Eqs. (1–4). (b) Averaged

T �XD
t ! �XS

t
(squares, blue line) and T �XS

t ! �XD
t
(circles, red line) in chimera

states as functions of the population size Nað¼ NbÞ in the system

Eqs. (1–4). Error bars represent the corresponding standard errors. (c)
p-values obtained from the Wilcoxon test as a function of �. The p-
values characterize the statistical difference between the quantities

T �XD
t ! �XS

t
and T �XS

t ! �XD
t
. The dashed horizontal line signals the signifi-

cance level 0.05. Each data point on (a) and (b) corresponds to

parameters ðl; �Þ where a chimera state has maximum frequency to

occur. Local dynamics is given by Rulkov maps, Eqs. (12–13), with

fixed parameters t ¼ 0:001, . ¼ 4:6, and c ¼ 0:225 (color

figure online)
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states as a function of the population size Nað¼ NbÞ. For
each population size, we explore values ðl; �Þ for which

chimera state arises with a frequency calculated over 100

realizations of initial conditions. Then, we determine fmax
as the maximum value of these frequencies.

In Fig. 8b, for each population size Nað¼ NbÞ and its

corresponding parameters ðl; �Þ for which the frequency of

finding a chimera state is maximum, we calculate the

averaged T �XD
t ! �XS

t
and T �XS

t ! �XD
t
by proceeding similarly as in

Fig. 7. The result T �XD
t ! �XS

t
[ T �XS

t ! �XD
t
persists independently

of the system size. We have calculated the p-values

obtained from the Wilcoxon test between the quantities

T �XD
t ! �XS

t
and T �XS

t ! �XD
t

from Fig. 8b. Figure 8c shows the

corresponding p-values as a function of �; they are much

smaller than the significance level of 0.05. We note that the

predominant direction of the information flow, from the

desynchronized to the synchronized population, occurs

even for the smallest possible populations of neurons

(Na ¼ Nb ¼ 2Þ. We have verified that the result

T �XD
t ! �XS

t
[ T �XS

t ! �XD
t
prevails if different population partitions

are employed.

5 Conclusions

Coupled-map network models are computationally effi-

cient, conceptually simple, and require few ingredients to

study a variety of spatiotemporal processes, including

synchronization phenomena, in complex systems and brain

dynamics. In this article, we have investigated a system of

two interacting populations of coupled maps subject to

reciprocal global interactions, where the local units in each

population exhibit neuron-like dynamics. We have focused

on parameter values where the local maps exhibit chaotic

spiking behavior. It has been found that chaotic dynamics

in neurons leads to a greater diversity of responses that are

relevant for neural computations [55].

We have characterized four collective synchronization

states emerging in the system: (i) complete synchroniza-

tion, where the populations are synchronized to each other,

(ii) generalized synchronization, where each population is

synchronized, but no to the other, (iii) chimera state, where

one population is synchronized and the other remains

incoherent, and (iv) desynchronization, where both popu-

lations are desynchronized.

Chimera states are probabilistic in the sense that their

occurrence depends on initial conditions. On the parameter

regions where the chimera states arise, the dynamics of the

two-population system is multistable; i.e., several attractors

coexist for the same parameter values. This behavior is

typical of phase transition regions in dynamical systems.

Chimeras represent an intermediate state between ordered

and disordered phases.

We have found a well-defined direction of the flow of

information in chimera states, from the desynchronized

neuron population to the synchronized one. This result is

independent of the population sizes or population parti-

tions. The incoherent population functions as a driver of

the coherent neuron population in a chimera state. This

finding is consistent with the previous reports where a

measure of transfer entropy, applied to epileptic electro-

corticography data, shows a significant coupling direction

from the anterior nucleus of thalamus to the synchronized

seizure onset zone during seizures [41].

Although our results are obtained for specific neuron-

map local dynamics, we expect that the drive–response

causal relationship between the desynchronized and syn-

chonized subsets persists for chimera states arising in

general dynamical networks.

Models such as the presented here, where specific cou-

pling parameters give rise to synchronization and chimera

states, can provide insight to study phenomena such as

unihemispheric sleep and brain disorders associated to

alterations in the neural synchrony activity within and

across brain areas [56]. Neurological disorders, such as

epilepsy, Alzheimer’s and Parkinson’s disease, and autism,

have been related to abnormal neural synchronization

patterns [57–61].

Map-based neuron models are gaining recognition in the

field of neuroscience, where they have been implemented

in several studies [62–64]. Although the two-population

model considered here is not specific in terms of biological

plausibility, it yields the emergence of rich collective

behavior that can be a useful tool in computational neu-

roscience. Future extensions of the two interacting popu-

lation model proposed here should include the

investigation of time delays, heterogeneity in the local

dynamics, different connectivity networks, the similarity of

collective states in driven and in autonomous systems, and

the influence of external inputs.
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