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A B S T R A C T

Even though semiautogenous grinding mills and ball mills are normally used in grinding processes, the industry
is driven to decrease cost by increasing efficiencies and decreasing energy consumption. High Pressure Grinding
Rolls (HPGR) are seen as an energy-efficient alternative but their developments in modeling and control have
received relatively little attention. In this work a model and a control scheme for HPGR is presented that con-
siders the total energy consumed as one of the main controlled variable. First, the model was generated by using
literature-reported information of a specific manufacturer and lithology. The dynamic representation of the
treatment capacity, product granulometric distribution (reported as 80% percentile), compression energy, and
rolling energy were considered as the most important model output variables. Second, model validation was
performed with considerable positive results (based on assessment of estimation errors). Finally, the model was
used to generate a multiple input multiple output control scheme. As result, it was observed that the model had a
correct representation of the phenomena involved and that the peripheral velocity and pressure used in the
HPGR are useful manipulated variables to control the energy consumed by the equipment in an MPC scheme.

1. Introduction

Among the different processes involved in the mineral industry,
comminution is known for being energy intensive (Salazar et al., 2014). In
the USA, grinding processes account for approximately 29.3% of mining
energy consumption (Tromans, 2008); globally, magnitudes in the order of
4% of electrical energy are reported (Jeswiet and Szekeres, 2016). Given
this scenario, considerable part of the operational costs of concentrator
plants are related to energy (in the order of 50%–70%; Salazar et al., 2014;
Jeswiet and Szekeres, 2016). The industry is driven to decrease cost by
increasing efficiencies and decreasing energy consumption. As shown by
Schönert (Schönert, 1985, 1988), particle compression between surfaces is
more energetically efficient than other grinding methods (in the order of
3 kWh/ton). Based on these fundamental studies the High Pressure
Grinding Roll (HPGR) operational unit was designed. Considering its ef-
ficiency and its positive results in the cement industry, the HPGR has been
seen as a viable alternative in the mining industries (Barrios and Tavares,
2016). In addition to its energy efficiency, the HPGR has improved effects

on downstream operational units given by micro-fragmentation and dry/
wet feed handling capabilities (up to about 10% of water) (Palm et al.,
2010; Chapman et al., 2013; Barani and Balochi, 2016a; Morley, 2006).
One of the drawbacks of the HPGR unit is that, as shown by Fuerstenau
et al. (1996), grinding can come to a halt under specific operational
conditions (high operational pressure).

The HPGR is basically a pair of counter rotating rolls mounted in a
frame. A chute placed over the rolls is used to distribute the feed. By the
use of a hydraulic system, one of the rolls supplies the necessary force to
produce the particle compression. The feeding particles, which are
forced to move across an opening given by the distance between the
rolls, are semiautogenously grinded by an interparticle breakage me-
chanism (Barrios and Tavares, 2016). HPGR can be placed in commi-
nution layouts as an open or closed circuit. Studies have been per-
formed in order to evaluate the most efficient layout in the cement
industry and general ores (Altun et al., 2011, Rosario, 2017). As pointed
out in the work of Rosario (2017), the HPGR has considered to be used,
as standard, as a tertiary crusher, in closed-circuit, with wet fine
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screens. Nevertheless, his work and others (Altun et al., 2011; Jankovic
et al., 2013) have shown that there is still space for research and im-
provements regarding industrial layouts and circuit operations, espe-
cially if the information of the ore under consideration has not been
fully evaluated. Independent of the previous statement, is expected that
recycling material could result in finer product size distribution, since
recycling material would occupy voids, improving the transfer of en-
ergy by the HPGR unit (Altun et al., 2011).

Even when the industry is currently focused on developing new ap-
plications for HPGR, accurate models for prediction, scale-up, and con-
trol are required in order to improve the HPGR units design and opera-
tions. Most of the current representations of HPGR units are based on
steady-state models which are adequate for plant design and/or offline
optimization, nevertheless they are wholly inadequate for process control
or online optimization. As pointed out in the review by Rashidi et al.
(2017), the development of realistic mathematical models for HPGR re-
duction size has not been possible due to its quick incorporation in the
industry, among other reasons. Different models have been developed for
HPGR representations however, the non-time dependent representations,
complexity, and/or numerical solution (such as in discrete element
methods; Barrios and Tavares (2016)) can have negative effects on its
application (such as impossibility to be used in time-based controllers
and considerable computational time). Furthermore, modeling publica-
tions tend to be limited and scattered (Rashidi et al., 2017). Overall,
HPGR modeling has not yet been consolidated over every operational
condition (type of ore, hardness, operational gap, among other condi-
tions; e.g. Daniel and Morrel throughput model can fail over some spe-
cific conditions, Daniel and Morrel, 2004), so research dedicated to this
field should be welcomed. Independent of the energy consumption re-
duction in HPGR and a design of ideal circuits for a given requirement,
process control offers a recognized potential to achieve lower costs
(lower energy consumption), higher yields, and/or higher stability in the

product. In order to be successful, the process control requires a valid
dynamic representation of the system therefore, the dilemma of finding a
suitable representation of the system emerges again.

Historically, Proportional-Integral-Derivative (PID) control strate-
gies have dominated industrial applications due to their design sim-
plicity and performance for simple systems (Cao and Cao, 2006). Given
an increasing necessity of controlling multivariable or complex systems,
which can possess inverse dynamics or considerable time delay re-
sponses (common in mining operations but not necessarily in HPGR
units), advanced control strategies have been considered. In the com-
minution processes, control strategies such as Model Predictive Control
(Ramasamy et al., 2005), Neuro-control (Conradie and Aldrich, 2001),
and Expert Control (Bouché et al., 2005), among others, have been
implemented to varying degrees of success. The Model Predictive
Control (MPC) is an optimization-based control accepted for its simple
tuning process, applicability to Multiple Input Multiple Output (MIMO)
systems, and handling of constraints (such as maximum allowed pres-
sure for the current system). The combination of the MPC character-
istics could be an ideal combination for controlling HPGR units.
Nevertheless, a dynamic model that takes into account the complexity
of grinding kinetics involved in a system of variable control volume
with fast dynamics is essential. As observed in literature, the works
focused on HPGR control are few (as far as author noticed unexistence
for MPC), possible by their fast industrialization, lack of data, mea-
suring of on-line variables, and fast dynamics, among other reasons that
could change in time.

Based on the previous information, this work focuses on HPGR
dynamic modeling. Step-response representations are obtained and
used to construct a MIMO MPC. The MPC considered the total energy
consumed by the equipment and the product particle size-distribution
as the main controlled variables. The model is based in the works of
Torres and Cassali (2009) and results are compared with the same

Nomenclature

Xc critical size, m
D roll diameter, m
O gap, m
Z height from the extrusion zone, m
L depth of the HPGR unit, m
A transversal area, m2

V volume, m3

v material stripe velocity, m/s
U rolls peripheral velocity, m/s
f feed, kg/s
Gs treatment capacity, kg/s
F formation of particle of specific size, kg/s
D destruction of particle of specific size, kg/s
M total mass, kg
H hold up mass in the block, kg
w total mass for a specific size, kg
ρ density, kg/m3

corrected specific energy, kWh/kg
E, Ec, E’ specific energy (general, by compression, total), kWh/kg
P power, kW
Pr rotational power, kW
Rp pressure, kg/m·s
F compressive force, kg·m/s2

τ torque, kg·m2/s2

α angle from the HPGR extrusion zone degrees
x size-class –
S specific breakage rate –
b breakage distribution –
ω mass fraction –

Parameters

B, β1, β2, β3 breakage distribution parameter
τ dissipated energy
1, 2 breakage rate parameters

k0 pre-exponential kinetic parameter
ΔEk,l specific energy requirement to rupture a particle of size l

and composition k

Subindexes

f feed section
n bottom section
cm center of mass
i section of the HPGR units (considering horizontal sub-

divisions)
j particle size type j
l particle size type l
k composition of the k-type (considered homogeneous in

this work)
ip interparticle compression
sp isolated compression/acceleration/de-aeration/pre-crush-

ing/pre-grinding zone
a apparent (for density)
s solid (for density)

MPC-Variables

Λ, Γ weight parameters
S set point
M, P manipulated (M) and predictive (P) horizon
y, u controlled (y) and manipulated (u) variables
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experimental information. Major modifications are performed in the
modeling once compared with literature: the grinding kinetics are
modified by using a typical chemical reaction first-order kinetic re-
presentation in which the selectivity of the reaction is estimated by a
suitable breakage distribution. An Arrhenius-type kinetic parameter (in
which the energy supplied would modify its value) is used to represent
the energy effects. Generalization of the controller is made by con-
sidering that it operates in an open circuit (there is no specificity in the
mining industry application). Recycling material would modify the
feeds particle size distribution, and the model would not require any
major modifications, other than parameters identification, in order to
be used in closed circuit.

2. Modeling

The first step was the representation of the HPGR treatment capa-
city. To do that model, the idea of Austin's works (used by Torres and
Cassali, 2009), in which two grinding zones are modeled by separate
and interconnected, was used. The two zones are the isolated com-
pression zone (SP-Zone, also known as the acceleration, de-aeration,
pre-crushing or pre-grinding zone) and the interparticle compression
zone (IP-Zone, also known as the grinding zone). In the first, the par-
ticles are gradually compacted and reoriented as they are forced to
move in the direction of the rolls movement. Particles bigger than the
space between the rolls (defined by a critical size, XC) are grinded
(given by the feed particle size-distribution and a breakage distribution;
Whiten, 1973). In the second, the free space is almost inexistent, im-
plying the most efficient use of the forces involved. The particles
grinding phenomena can be represented in function of a specific
breakage rate, a brakeage distribution, and a specific-sizes particles
mass fraction (Torres and Cassali, 2009). The residence time of the
solids through the IP-zone is a small fraction of the overall system;
nevertheless, most of the phenomena involved are related to it (i.e. a
thorough representation of this zone is essential).

Fig. 1 shows a schematic of a HPGR unit. The first and second zones
are specified by angles (αIP and αsP, respectively). At the top of the
figure, a chute has been vertically divided into two zones to clarify
angles and distances used in the modeling process (left size) and create
a representation of the phenomenon involved (right side). In here, D is

the roll diameter; GS,i is the treatment capacity in the ith section (de-
limited between the vertical heights Zi and Zi+1), αi is the projected
angle between the vertical heights Zi and Zi+1, and Oi is the gap at the
lower height of the i-section (at the minimal distance between rolls, the
gap is known as operational gap, On). The critical size can be calculated
by Eq. (1) (Daniel and Morrell, 2004); here ρi is the apparent density
(which considers the void fraction) in the i-position (feed, f or dis-
charge, n). Other correlations can also be employed to estimate αsP and
therefore the critical size (Rashidi et al., 2017). Nevertheless, further
information (gap porosity and throughput based on cake characteristic)
are required.

= + +X D O D O DO1
2

( ( ) 4 / )C n n n n f
2

(1)

The treatment capacity in the SP-Zone was considered to be static,
which means that the feed was equal to its discharge (assumption used
for total mass but not for particle distribution). As specified by Torres
and Cassali (2009), a center of mass expression is required in order to
estimate the discharge flows in the IP-Zone. In the present work, the IP-
Zone was horizontally subdivided in different blocks (ten in total). This
division was performed to obtain a better representation of the dy-
namics involved in the most important phenomenological part of the
HPGR. This subdivision implied different center of masses (one per each
subdivision). The variation of the center of mass density (cm as sub
index) in each block can be expressed as follows:

=
t

G G
V

i cm S i s i

i

, , 1 ,

(2)

The block volumes (Vi) are dependent on the number of subdivisions
used, parameters (e.g. roll diameter), and dynamic variables (such as On

and αIP). For a given block, the treatment capacity can be estimated as
described in Eq. (3), were A i cm, is the transversal area located at the
position of the i-block center of mass (Eq. (4)) and vi cm, is the material
stripe velocity (Eq. (5)). In these equations, L is the depth of the HPGR
unit (perpendicular to the image shown in Fig. 1) and U is the rolls
peripheral velocity.

=G A vs i i cm i cm, , ,i cm, (3)

= +A L O D cos( (1 ( )))n i cm,i cm, (4)

Fig. 1. HPGR schematic.
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=v Ucos ( )i cm i cm, , (5)

The volumes and angles involved in the calculation of each block
were obtained by trigonometric considerations and the integration of
the area involved. Eqs. (6) and (7) shows the integral of the area and its
explicit evaluation (where Z is the altitude) while Eq. (8) shows the
center of mass angle. Eq. (8) was obtained by considering that the
density is reduced in function of the additional space that between rolls
as the angle increases.

= +
+

V L D O D z dz
2 2 2i Z

Z n
2

2
i

i

1 (6)

= +

+

( )
V L D O D Z Z D asin Z

D

sin asin
( 2 ( /2) ) (

2
) 2 2 ( )

2i n

Z
D

Zi

Zi

2 2 2
2

1

(7)

=
+

cos
O D O

D
( )

i cm
i cm n n n

i cm
,

1 ,

, (8)

By solving previous equations, it is possible in each block to de-
terminate both the dynamic variation of the density and the treatment
capacity. It must be highlighted that the differential equation steady
state was achieved (as evaluated in Matlab) when the angles were close
to the inferior limit of each block. This result was obtained since the
angle of the center of mass (Eq. (8)) is not completed disconnected from
the previous equations. To avoid this, a dynamic integration of the
density on each block could be considered, but this would imply an
excessive use of computational times, making the modeling process too
slow (as observed)). Alternatively, it can be considered that if the
height of each block is relatively small (i.e. considerable subdivisions),
the center of mass angle would be located relatively close to the center
of each block. In the present work the latter assumption was employed.
Although this approximation could introduce small errors, its con-
sideration is an improvement to previous works in which the HPGR
throughputs and holdups are evaluated by considering a constant be-
havior of the HPGR in the IP-zone (i.e. the same variables can be esti-
mated only with the extrusion zone information).

For the product granulometric distribution the common re-
presentations used are first discussed. Then, the final model proposal
used for dynamic control is presented.

The granulometric distribution at any point in the HPGR can be
obtained by a dynamic balance of each particle considered in the
system for the IP-Zone and by performing a rupture calculation of the
particles bigger than the Xc for the SP-Zone. A total of 13 particle sizes
ranges were considered in order to evaluate the model and compare the
results with reported information (Torres and Cassali, 2009). The pro-
duct granulometric distribution in the SP-Zone can be calculated by
using the following expression (Whiten, 1973):

=
>

b fl
j Xc

N

l j k j, ,
(9)

where bl,j,k is the brakeage distribution, which represents the percen-
tage of the k-type composition particle of j-size that will be broken in a
l-size particle; fj represents the feed mass fraction of j-particle bigger
than the critical size; and ωl is the mass fraction of the l-size particle. In
the present work a homogeneous composition was considered for
simplicity and literature comparison. Therefore, the terms that are de-
pendent on composition will be simplified (e.g. bl,j,k to bl,j). The bl,j, can
be obtained by data back-calculations and from laboratory simulated
experiments (Austin et al., 1984; Hinde and Kalala, 2009). Additionally,
the bl,j can be obtained from the following equations, in which βi are
parameters that are functions of the material and type of equipment,
while xl is the l-particle size-class (Torres and Cassali, 2009).

= >+ +b B B If l j|l j l j l j, 1 2 (10)

= =b b Ifl last size class1l j
j

i j, ,
(11)

= <b If l j0|l j, (12)

= +B x
x

x
x

(1 )l
l l

1
2

1
2

2 3

(13)

The base equation normally used in the representation of tumbling
or stirred media is given in Eq. (14) (Hinde and Kalala, 2009). Given
that the IP-Zone was subdivided in ten blocks, a total of 130 differential
equations dedicated to granulometric distribution were obtained. The
number of Ordinary Differential Equations (ODEs) do not play a ne-
gative effect in the control process. The correlations used by the con-
troller are between the manipulated/controlled variables (i.e. internal
representations are not needed).

= +
=

>H
t

G G P F D
·i j i

S i j i S i j i
s

m j

s j
,

, 1 , 1 , ,
1 (14)

In the previous equation, ωj,i is the j-size particle mass fraction held
in the i-block; Hi is the i-block total mass; Fs and Dj are the formation
and destruction of particles. The total formation is a summation since
contributions could come from any particles bigger than the j-particle.
The pressure gradient in the HPGR width direction (parallel to On) can
be used (an edge effect and the normal compression zone). The
boundary between zones has been expressed in the work of Morrell
et al. (1997). This gradient implies the vertical subdivisions of the
blocks and therefore incorporation of several differential equations,
leading to higher computational requirements. In the present work,
these gradients were not considered and, as it will be seen in the results,
the avoidance of this representation did not affect the model validation.
Furthermore, the edge effect depends on the rolls housing (Rashidi
et al., 2017), implying that it could be insignificant in some cases.

The formation and destruction of particles can be expressed in
function of: a j-size class and k-type composition energy-normalized
specific breakage rate (Sj

E), a brakeage distribution (bl,j), and the mass
of the j-size particle (wj). Sj

E can be obtained from back-calculation or
laboratory simulated experiments (Austin et al., 1984; Hinde and
Kalala, 2009). In order to obtain a non-normalized energy specific
breakage rate, the power (P) and total mass (M) have to be considered
(Eqs. (15) and (16); Torres and Cassali, 2009).

=S P
M

Sj j
E

(15)

= +Ln
S
S

Ln
x
x

Ln
x
x

j
E

E
j j

1
1

1
2

1

2

(16)

Eq. (14) can be simplified (and normally performed) if a perfectly
mixed model (PMM) is assumed. This implies a perfect distribution (in
any direction) and no holdups and, therefore, the first and second term
of Eq. (14) are eliminated (Monov et al. 2012). Furthermore, as de-
scribed by Fuerstenau et al. (1991) and stated in different works (Hinde
and Kalala, 2009; Rashidi et al., 2017), the grinding kinetic in a HPGR
is better represented by expressing the balance of each particle in
function of the net specific energy input. This modification is achieved
by considering that the increment in specific energy input is function of
the specific power draft and time. By taking this consideration, the
particle balance can be represented as:

= =
=

S b S E( ) ( ) ( ) with
1

l

j

l

j
E

l j j l
E

l
1

1

,
1

(17)

In this equation, E is the specific energy supplied [kWh/kg], ωl( ) is
the mass fraction in function of the specific energy input, and τ
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(0≤ τ≤1) is a parameter that represents the dissipated energy. As
described by Fuerstenau et al. (1991), a set of first-order differential
equations are formed which have an exponential-type solution of the
different mass fractions. Even though the last expression can be used to
estimate the product particle distributions, this representation is not
useful in control processes. Some important considerations are:

• The time is not expressed as an independent variable. This implies
that representation of the dynamics involved cannot be directly
constructed (e.g. step-response, state-space). Similar consideration
can be made to any model that only represent steady state scenarios.
• The variation of the feeds into the operational unit is not described,
implying that variations on the products will only come from in-
ternal operational parameters (e.g. the specific energy supplied).
• The energy-normalized selection function (SiE) can be used for low
specific energy input where there is a linear function between the
energy input and the fineness of the product (Rashidi et al., 2017).
Additionally, as explained in the work of Hinde and Kalala (2009),
the relation between grind size and specific energy input is highly
non-linear given by the reduction of the void volume, which results
in a disproportional dissipation of energy.
• Even though the solutions of the differential equations have an exact
solution, they cannot be used directly to generate time-dependent
information.

Differently, Torres and Cassali (2009) derived a set of differential
equations in which the variation of the mass fractions of an i-class size
in function of a vertical distance was used. Similar to previous works,
the PMM assumption was used. The lack of the time variable limits the
applicability of the present model in control processes.

The consideration of no-variation in feed particle distribution can be
assumed if the feed particle distribution is relatively constant, the range
of a specific size-group is considerably large, and/or if the product
particle distribution were not an important variable (which is not the
case for a grinding process). For the cases in which the HPGR operates
in a closed circuit, the feed will be formed from fresh and recycled
material; this implies that both the feed and the recycled material will
have to behave relatively constantly in order to consider them not
important.

It should be pointed out that both previously referenced works
(Torres and Cassali, 2009, and Fuerstenau et al., 1991) have avoided a
direct dynamic representation of the HPGR units. This could be made
for the HPGR and applied for specific control systems if the dynamics
are considered almost instantaneous or not important. However, as can
be observed in the literature, several of the models have been based on
lab-scale information. As the systems are scaled up, circuits operate in a
closed system, or the feeds behavior assumes values within wider
ranges, the dynamic behaviors could assume an important factor in
control and modelling.

Given the previous considerations, in the present work the expres-
sion given in Eq. (14) was modified and represented as a typical reac-
tion model in which were incorporated a breakage distribution (which
has intrinsically the same meaning as the selectivity), an Arrhenius-type
kinetic parameter (in which the energy supplied would modify its
value), and the particles compositions. Furthermore, the PMM was not
considered in order to allow variations in the feed stream to have an
effect in the system. The final representation used in this work is given
in Eq. (18). Here the third term represents the formation of the particle
of l-size that comes from the different contributions of particles bigger
than l (m > l). The selectivity term defines what part of the particle
will be grinded in a l-size (bl,j). A first-order grinding kinetic with re-
spect to the particle concentration was assumed (commonly assumed in
grinding processes; Barani and Balochi, 2016b). The concentration is
represented by the multiplication of the total mass in the i-block (Hi)
and the particle mass fraction. Kinetic parameters represented by a pre-
exponential term (k0,l), which is specific to each l size particle, and an

exponential term, which is calculated by a constant ΔEk,l, and the spe-
cific power consumption (E) were used. The parameter ΔEk,l represents
the specific energy required (in kWh/kg) to produce the rupture of the
material of composition k and specific granulometric size l (similar to
the activation energy).

= +
=

>H
t

G G H b k e

H k e

·
· · ·

· · ·

l l i
S i l i S i l i

s

m l

i l s s i s
E
E

i l i l
E
E

,
, 1 , 1 , ,

1
, , 0,

, 0,

k s

k l

,

,
(18)

The HPGR models for power and specific energy consumed can be
obtained from a set of equations that are based on Newtonian physics.
The applied force (pressure) is split into two components, tangential
and radial. The expressions of the power model are derived from a free-
body diagram of an HPGR (see Fig. 2). Here, a force vector is shown
which acts over the IP-Zone and the IS-zone. Only the energy compo-
nents observed in the IP-zone were considered (they should be the most
relevant fractions of the energy consumed).

The compressive force can be estimated by the product of the op-
erating pressure Rp, and the projected area of application, as shown in
Eq. (19).

=F R D L
2p (19)

The interaction of the clogged material between the rolls and the
applied forces generates a reaction torque which is related to the power
needed to drive the rolls. The reaction torque (τ) per roll is described by
Eq. (20). As observed in the equation, the existence of an angle within
the inter particle compression zone is required. This angle corresponds
to half of interparticle compression angle, αIP (Klymowsky et al., 2006).

= Fsin D
2 2
IP

(20)

The specific energy consumed by the torque in the entire inter-
particle region, Eq. (21), is obtained by the quotient between the ro-
tational power of the rollers (Pr, Eq. (22)) and the total treatment ca-
pacity. Other expressions that use Roll Radial Velocities, and potential
volumetric flowrate, could also be used (Rashidi et al., 2017).

=E P
G

r

S i, (21)

=P U
D

4r (22)

In order to evaluate the total energy for control applications, the
sum of the energy consumed by compression of each block Ec [kWh/kg]
(Eq. (23)) and E was carried out (E'). For modelling purposes, only E
was considered in Eq. (18). Since different densities and treatment ca-
pacities can be evaluated in each section, the compression power was

Fig. 2. Free-body diagram of an HPGR roller.
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calculated over the sum of the contribution of each i-section (Eq. (23)).

=
= +

E R
G

G3.6c
i

n

p
S i

i cm S i1

,

, , 1 (23)

By combining the previous equations (Eqs. (19)–(23)) it is obtained
an expression that is non-linear in function of the peripheral velocity,
pressure, and other operational parameters, such as the interparticle
compression zone. Given this non-linearity and complex dependence of
the total used energy, minimization of total energy used should be
possible by combining, in specific optimal conditions, the independent
variables of the equation system.

The expression given in Eq. (18) possesses different parameters that
need to be obtained. Operational parameters and fixed variables, such
as On, and rolls diameter, among others, are reported in Table 1. Kinetic
parameters were determined using the percent passing percentage ex-
perimental information reported by Torres and Cassali (2009). In the
mentioned work, static HPGR information is reported and modeled for
two ores lithologies (Andesitic and Porphyritic) and two manufacturers.
Specifically, the open circuit test result with porphyric copper ore at
operating conditions of U=0.67 [m/s] and pressures of 41, 61, and 76
[bar] were employed in the present work. Since the experimental in-
formation is reported as a static operational condition, the steady-state
mode of the model described in Eq. (18) (i.e. the derivative term equal
to 0) was used in order to obtain the corresponding parameters.

One of the main considerations to determinate the kinetic para-
meters was the use of the SP-Zone product as the feed to Eq. (18) (i.e.
estimation of Gs,0 and Pj,0). Therefore, the feed reported in the work of
Torres and Cassali (2009) was previously treated before being con-
sidered as input to the IP-Zone. The parameters k l0, and Ed l, were
obtained by minimization of the difference between the reported and
modeled results, with a restriction that the parameters should be non-
negative. Similar to chemical reaction kinetics, a parameter k was first
evaluated at each specific power consumption before expressing it in a
pre-exponential and in an exponential term. Of the different meth-
odologies used to obtain the parameter, the one that produced the best
results was to perform the minimization by steps. In each step, the
difference between the data and modeled results for the biggest gran-
ulometric size was minimized (followed by the minimization of the next
smaller size). It was observed that a minimization of every equation at
the same time tended to produce considerable errors for the medium-
size granulometric components. Furthermore, once a parameter
reached a value of 0, the following parameters where kept equal to 0
(i.e. the smallest granulometric components were not further grinded).
Once the parameters were obtained (result section), the pre-exponential
terms, k l0, , and the exponential term Ed l, were obtained by regression
(given by the difference in the pressure used in the HPGR).

3. HPGR model predictive control and integration

Information about MPC is out of the scope of the present work and is
broadly covered in the literature. Only the most relevant considerations
of the MPC methodologies are mentioned. The classical MPC model is
presented in Eq. (24). Λ and Γ are weights vectors that represent the
importance of each manipulated and controlled variable; S is a setpoint
vector; y(i+ 1) are the predicted values of the controlled variables up
to the prediction horizon (P); u i( ) is a vector of the manipulated
variables estimated movements; M is the control horizon; the sub-
indexes max and min are the maximum and minimum values of the
referenced variable, respectively.
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+
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The optimum obtained in the previous expression will be the most
suitable trajectory in the given horizon in such a way that the difference
between the system dynamic and the setpoint is minimum. The control
variables were selected to represent the HPGR performance and energy
consumed. The specific variables that could be used were first screened
by considering their static or dynamic behavior. Then, a selection was
made by considering the possible data that could be measured in the
operational unit, as reported in the work of Daniel and Morrell (2004).
The pre-selected variables were the roll speed, bulk compacted density,
feed size distribution, working gap, product size distribution, working
pressure, power, product size distribution, specific energy, and mea-
sured throughput (variables such as sample mass and roll diameter are
not considered by its fixed or irrelevant value). Among these variables,
the total specific energy (É) and the product size distribution (P80) were
chosen as the main controlled variables. Among the manipulated
variables, the roll speed and working pressure were selected. The
working gap is an indirect manipulated variable since it is normally set
by the pressure involved in the hydro-pneumatic system and the initial
On (Rashidi et al., 2017); therefore this variable was not considered.
The roll speed was chosen since, as mentioned in references (Lim et al.,
1997), this variable “could be utilized as a major parameter for ad-
justing the HPGR performance”.

A noise of 10% on each particle size mass fraction was incorporated
to evaluate controller performance. This was done by ensuring that the
total mass fraction always summed up to 1. Before using the preselected
variables in the control process, these variables were standardized (Eq.
(25); x is the variable to be standardized while the subindexes diml, dim,
max, and min are used as the dimensionless, with dimension, maximum,
and minimum values, respectively).

=x x x
x xdiml

dim min

max min (25)

Table 2 shows the maximum and minimum values used for stan-
dardization. The maximum and minimum values were obtained from
typical industrial limiting values [6] or from natural restrictions (lower
bound of 0). Three sets of tuning parameters were evaluated in order to
analyze the effect of the tuning in the control performance. Common
parameters for the three sets the P, M, ΔUmax, ΔUmin, and ΔTime were
10, 10, 0.003, 0, 0.003, respectively. As solver, the ODE Bogacki-
Shampine was used in each case. Weight parameters used are shown in
Table 3. As will be seen in the result section, the most satisfactory
parameters correspond to those in which the applied pressure, Rp, is less
restricted to be used as manipulated variable (smaller Λ; Case II).

The previous equations and control strategy were implemented in
Matlab R2010a. Specifically, Simulink was used as main platform
where each section (SP-Zone and IP-Zone) was modeled in separated m-
files. The Matlab toolbox nlcmpc was used for the controller im-
plementation in which step-response model were employed for HPGR
dynamic representation.

4. Results

Model Performance: Table 4 shows the parameters obtained in

Table 1
Parameters for steady state representation.

Variable Value

On (Operational Gap) 0.024 [m]
U (Peripheral Velocity) 0.67 [m/s]
D (Rolls Diameter) 0.8 [m]
L (Rolls width) 0.25 [M]
β1 (breakage distribution parameter) 0.20
β2 (breackage distribution parameter) 0.20
β3 (breackage distribution parameter) 3.51
ρs (Dry Solid Density [kg/m3]) 2740
ρa (Feed Apparent Density [kg/m3]) 1620
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function of the granulometric size. The second to fourth columns show
the kinetic parameter in function of the specific power consumption
(1.44, 2.03, and 2.40 kWh/t, respectively). The fifth and sixth column
shows the k l0, and Ed l, obtained. Furthermore, Table 4 includes different
error assessing indexes in order to evaluate the agreement between the
modeled and reported information (Mean Square Error, MSE; Root
Mean Square Error, RMSE; and Index of Agreement, IA, Eq. (26) in
which Pi represent the predicted values, Oi the observed values and Ō
the average of the observed values, Willmott et al., 2012). As observed
in the table, agreement between the modeled information and the re-
ported data (Torres and Cassali, 2009) is in the order of 99% on each
case (IA index), which describes a good performance of the modeled
system. Furthermore, by comparing the modeled results with other
works (Torres and Cassali, 2009), it can be seen that the MSE obtained
by our models is improved. They reported an average of 2.66 with a
specific value for the experimental conditions of 2.88; our model ob-
tained a MSE of 1.54 for the same experimental condition (i.e. manu-
facturer M1 and porphyric copper ore at 41 bar and 0.67m/s of per-
ipheral velocity).
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MPC Performance: Fig. 3 shows the MPC system response for the
three cases described in Table 3. The analysis was performed by mod-
ifying the setpoints in the controlled variables. The É' was changed from
0.6 to 0.75 to 0.45 to 0.7 (in dimensionless variables units) at times of
15, 50, and 75 s, respectively. The P80 was modified from 0.8 to 0.6 to
0.45 at 15 and 75 s, respectively. At first glance, there is almost no
difference in the control behavior of the MPC when the tuning

parameter changes. The behavior shows fast responses and that the
manipulated variables follow with no major problem the requirement
set over them. Oscillation was observed on each case, but no correlation
with the implemented noise was observed.

Since a manipulated variable is the total energy consumed by the
system, its value can be manipulated up to a certain minimum and
maximum limit. After these limits, it would not be possible to control
the product granulometry (lower bound) or holds (not predicted by the
model) could be observed. The lower bound implies that if the energy
imposed over the system is too low, it would be not sufficient to pro-
duce the grinding requirement. In this work, regions in which both
controlled variables that could be modified without inconvenient re-
sults were considered. The minimum conditions for each controlled
variable can be implemented in the MPC formulation; nevertheless,
they would have to be studied case by case for industrial application.

Fig. 4 shows a closeup of Fig. 3 between the seconds 48.7 and 49 of
simulation. The E′ was selected as variable to evaluate the performance
of the three cases. The case II tuning, which implies a lower restriction
to use the pressure as manipulated variable, produced the smallest
amplitude of the oscillation observed (with an average of 0.00086 in
dimensionless units; Case I showed a value of 0.00110 and Case III
showed a value of 0.00100). Nevertheless, the number of oscillations
per cycle (per second) was observed to be higher for Case II (7.75 os-
cillations/second; 7, approximately for Case I and Case III).

By considering set point deviations, it can be established that the
tuning Case II overperforms the other tunings; however, in terms of
stability (indicated by the number of oscillations) the other cases per-
form better. This result shows that a tradeoff between number of os-
cillations and approximation to the setpoints must be performed for the
current MPC proposed. Independent of these results, the work estab-
lishes a need to perform a correct tuning for each possible industrial
application in order to obtain a desirable performance (i.e. product
granulometric distribution at a given energy consumed) with a stable
controller.

5. Conclusion

A multivariable controller was designed and implemented in a
HPGR dynamic model. The model was created by considering variable
volumes resulting from dividing the pre-crushing zone in horizontals
blocks. The model parameters were obtained by minimization using the
information of the steady state reported data. The model and the con-
troller were developed in Matlab (Simulink). A MIMO controller was
created considering energy correlated variables, such as the peripheral
velocity and operational pressure, and energy variables, such as the
total energy consumed. As result it was observed that the selections of
variables are suitable manipulated variables to control the total energy

Table 2
Limiting values used for manipulated and controlled variable standardization.

Type of Variable Variable Maximum value Minimum value

MANIPULATED U [m/s] 1.21 0.67
Rp [bar] 120 41

CONTROLLED P80 [%] 22 0
W′ [kWh/ton] 27 0

Table 3
Tuning parameters.

Parameter Case I Case II Case III

ΛU 1 1 0.5
ΛRp 1 0.5 1
ΓE′ 1 1 1
ΓP80 0.6 0.6 0.6

Table 4
Kinetic Parameters and Error Assessing Indexes of the Model.

Size [mm] K (1.44
kWh/t)

K (2.03
kWh/t)

K (2.40
kWh/t)

K0 [1/s] ΔEd,l
[kWh/t]

31.50 38.43 65.00 150.00 769.85 4.43
22.40 14.98 22.95 25.91 60.43 2.00
16.00 15.56 24.43 20.64 39.12 1.27
11.20 17.79 23.85 22.87 36.73 1.02
8.00 15.91 20.44 22.30 37.17 1.22
5.60 4.71 7.35 8.25 19.77 2.06
2.80 0 0 0 0 –
1.00 0 0 0 0 –
0.50 0 0 0 0 –
0.32 0 0 0 0 –
0.20 0 0 0 0 –
0.13 0 0 0 0 –
MSE/RMSE/IA 1.54/

1.24/0.99
0.46/
0.68/0.99

0.1024/
0.32/0.99

1.59/1.26 (1.44 kWh/t)/0.99
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Fig. 3. MPC results when performing set point variation.

Fig. 4. Relative Oscillation and amplitudes behavior in the control process.
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consumption and the granulometric distribution (reported as P80). The
tuning of the controller was developed considering a set of parameters,
in which the weights were evaluated for the manipulated variables. As
observed in the result, the minimal weight in the pressure manipulated
coefficient allows lower deviations with respect to the set point to be
obtained (measured as amplitude of the oscillation; 0.00086 in di-
mensionless units). The present work supports the incorporation of an
MPC controller in grinding operational units. Nevertheless, a con-
siderable tuning study would be required for the application to specific
industrial applications. It is likely that the control strategy could im-
prove operational costs by saving energy; this needs to be confirmed by
carrying out tests at plant scale.
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